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Question of the Day

What is the mass, center of mass, and moment of inertia for Paul’s head?
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_ head /cm 2
Mpeag = Phead Mgt Meag = Rproximal(head)lhead Izz = Mieaq (Kcm(head)lhead)
Mpeaq = 0.081x86.0 Fepg =1.00%0.229 |9/ — 6 97 % (0.495 x 0.299)°
m..., = 6.97 kg loaq = 0.229 M | Peed/eM — 0.089 kg -m”
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wWhy Do We Care?
‘= ma

Inertial Properties

center moment
mass ] .
[ J [ of mass ] [of mertla]
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wWhy Do We Care?
F=ma

Fri= r; sin(g3) * u3A2 + * (1A * sin(g3) * u3"2 + * sin(q3 + q4) * (U3 + u4)"2) + * (1A * sin(g3) * u3"2 + IB * sin(q3 + q4) * (U3 + u4)"2 + * sin(q3 + q4 +ﬁ * (U3 +ud + uS)AW +
) *u1 - F1 - *cos(q3 + g4 + g5) * U5’ - * il * cos(q3 + q4) + [l * (1B * cos(q3 + q4) + HENE * cos(q3 + 4 + g5))) * u4’ - [l * cos(q3) + [l * (1A * cos(q3) + *
cos(q3 + q4)) + [l * (IA * cos(q3) +1B * cos(q3 + q4) + *cos(q3 + g4 + g5))) * u3'

Fra= g*lll+o*JE+o N+ @0+ uv2-F2- *cos(q3) * u3~2 - [l * (1A * cos(g3) * u3~2 + [N * cos(a3 + q4) * (u3 + u4)~2) - [l * (A * cos(g3) * u3"2 + IB * cos(q3 + g4) * (u3 +
u4)2 + *cos(q3 + g4 + g5) * (U3 + U4 + u5)"2) - *sin(g3 + q4 +g5) * uS' - (HENE * I * sin(a3 + q4) + [ * (B * sin(g3 + q4) + *sin(g3 + g4 + g5))) * ud’ - * [l * sin(g3) +
I (A sin(q3) + I * sin(q3 + q4)) + [ * (A * sin(q3) + IB * sin(q3 + q4) + EEI * sin(43 + g4 + g5))) * u3’

Tr3= - *IA* * sin(q4) * (u3"2 - (u3 + u4)"2) + - (IA*IB * sin(g4) * u3"2 + *1A * sin(gq4 + g5) * u3"2 + *IB* sm(qS) (u3 + u4)"2 - IA*IB * sin(q4) * (u3 + ud)"2 - *|B * sin(g5) * (u3 +
ud + usy"2 - *|A *sin(g4 + q5) * (U3 + ud + u5)’\2) + (1 + IS * +|B * cos(q5) + IA * cos(qA +g5))) * U5’ + ERE EE | +IA * cos(q4)) + [l * "2 + 1Br2 + IA* 1B *
cos(qd) + 2 * *1B * cos(q5) + [HEIM * A * cos(q4 + g5))) * ud’ + (| + -+ 1 R - R - GEE 2 + A2 + 2 IA * cos(q4)) + 2% *1B * cos(q5) +
2*1A*1B * cos(q4) + 2 * NI * 1A * cos(q4 + g5))) * u3' + (IA * cos(g3) + IB * cos(g3 + q4) + IC * cos(q3 +q4+g5)) * ( * sin(g3) * u3~2 + il * (A * sin(g3) * u3~2 + [HE * sin(q3 + g4) * (U3 +
u4)"2) + * (1A * sin(g3) * u3"2 + IB * sin(q3 + q4) * (U3 + u4)"2 + *sin(g3 + g4 + g5) * (u3 + U4 + u5)"2) + ) *ul' - F1- *cos(g3 + g4 + q5) * u5' - (HENNE * Il * cos(q3 +
q4) + *(IB * cos(q3 + g4) + - *cos(q3 + g4 + g5))) * ud’ - (| * * cos(q3) IA * cos (g3) + * cos| q3 + q4)) + - (IA * cos(g3) + IB * cos(q3 + q4) + *cos(q3 + g4 + g5))) *
+g*

u3’) + (IA*sin(g3) + 1B * sm(qa +q4) +IC*sin(g3 + g4 +g5)) * (g * *cos(q3 + q4) * (u3 +
B * (1A * cos(q3) * u3"2 + IB * cos(g3 + q4) * (U3 + ud)’2 + * cos| 3+q4+q5) (u3 + u4 + u5)"2) - * *sin(g3 + g4 + g5) * us *(IB *sin(g3 + g4) +
ﬁ *sin(g3 + q4)) + Il * (1A * sin(g3] +IB*sm(q3+qAW*sm(q3+
* sin(g3 + g4)) +

ud)"2

ﬁ* sin(q3 + g4 + g5))) * ud’ - sIn(q3)+- (IA * sin(q3) + *g* [l *sin(g3) - g *
(IA * sin(q3) + *sm(q3+ q4)) - g %* n(q3) + 1B * sin(g3 + q4) + *sin ﬁ3+q4+q5)) - * [l * sin(q3) + [l * (A * sin(q3) +

sin(g3 + g4) + *sin(g3 + g4 + g5))) * u2’' * *cos(q3) + *(IA * cos(q3) + *cos(q3 + g4)) + * (1A * cos(q3) + IB * cos(q3 + g4) + *cos(q3 + g4 + g5))) *ul’

* (1A * sin(q3) + 1B *

T5= T3+ *sin q3)+g* *(IA*sin(qﬁ *sin(q3 + q4)) + g * - *sm 3)+ IB" sin 3+q4)+- sin(q3 + q4 + q5)) + [ * B * (A * sin(g4 + g5) * u3"2 + IB * sin(g5) * (U3 +
u4)A "2) * u5 + (il + S [ < +1B * cos(g5))) * ud’ + + IB * cos(q5) + IA * cos(g4 + g5))) * u3’ + * [l * sin(q3) + 8 * (A * sin(g3) + *
sin(q3 + q4)) * (IA* sin(q3) + IB * sin(q3 + q4) + *sin(g3 + g4 + g5))) * u2’' + * cos(q * (IA* cos(q3) + * cos| is +q4)) + * (IA* cos(q3) + IB * cos(q3 + q4) + *

+g - +HE+ Il -2 - F2— R *cos(q3 u3n2 *(IA*cos(qS) u3n2 +
B+ sin(g3 + q4) +
+ (5))) *u3) - T3 -

cos| 3 + 04 +¢5))) * ul' +1C * cos(q3 + g4 + g5) * * *sin(g3) * u3"2 + * (IA* sm(qs) u3n2 + *sin q3 + 4) * (U3 + ud)"2) + (IA *sin(g3) *u3"2 + IB * sm(qs +q4) * (U3 + ud)"2 +
CI3 +04 +q5) > (U3 +ud +u5)"2) + + [+ () < u1 - F1- * il * cos(q3 + q4 + g5) * U5’ - * cos(q3 + q4) +

(IB * cos(q3 + g4) + * cos 3 + q4 +Q5))) * u4 -
cos(g3) + * (IA* cos(q3) + * cos(q3 + q4)) + [l * (A * cos(q3) + IB * cos(q3 + g4) + - cos(qs + 04 +@5))) *u3d) +IC *sin(q3 + q4 + g5) * (g * ﬁ
+ e * u2 - ﬁ * cos(q3) * u3"2 - IA * cos(q3) * u3"2 + 1cos(q3 +q4) * (U3 + ud)r2) - (IA * cos(q3) * u3"2 + IB * cos(g3 + q4) * (u3 + UA)’\Z + * cos 3 +q4+ qS) (u3 +
u4 + u5)"2) - *sin(g3 + g4 + g5) * U5’ - (h * [l * sin(q3 + q4) + il * (1B * sin(q3 + q4) + #ﬂ(qS + g4 +q5))) * u4’ - (EEE *ﬂ * sin(g3) * (1A *sin(g3) + *sin(g3 + q4)) +

IA - IB * sin(q4) * u3"2 + HEI * 1A * sin(g4

[ * (A *sin(g3) + IB * sin(g3 + q4) + [HEMM * sin(q3 + g4 + g5))) * u3') - NN * o * [ * sin(a3 + q4 + g5) 1A+ [ * sln(q4) (u3"2 - (u3 + u4)~2) - [l *
[l * sin(q3 + q4 + g5) * u2' -

+g5) * u3~2 + [ * 1B * sin(g5) * (u3 + u4)"2 - IA* IB * sin(g4) * (U3 + u4)"2 - *|B * sin(q5) * (U3 + ud + u5)"2 - *|A* sin(g4 + 5) * (U3 + U4 + u5)

[l * cos(g3 + g4 + g5) *ul’ - (@ + = + 1B * cos(g5) + IA * cos(g4 + g5))) * u5’ - (I + il * +IA * cos(q4)) + [l * 2 + 1B"2 + 1A * IB * cos(q4) + 2 * [N *
1B * cos(q5) + [N * 1A * cos(g4 + g5))) * ud’ - + [ -+ - 2 - R (2 + A2+ 2+ IA * cos(q4)) + *|B * cos(q5) + 2 * IA * IB * cos(q4) +
2* *|A* cos(g4 + g5))) * u3' - (IA* cos(q3) + IB *cos(q3 + gq4) +IC * cos(q3 + g4 + g5)) * *(IA * sin(g3) * u3"2 + - *sin(g3 + g4) * (U3 + u4)"2) + * (IA*
sin(g3) * u3"2 + IB * sin(q3 + q4) * (u3 + u4)"2 + *sin(g3 + g4 + g5) * (U3 + u4 + u5)"2) + + +-) *ul-F1- *-* cos(q3 + g4 + g5) *u5' - *- *cos(q3 + q4) + *(IB*
cos(q3 + g4) + - *cos(q3 + g4 + g5))) * ud’ - (| - * cos(g3) + *(IA * cos(g3) + * cos(q3 + q4)) + - *(IA* cos(g3) + 1B * cos(q3 + g4) + *cos(q3 + g4 + g5))) * u3’) - (IA * sin(q3) +
IB *sin(g3 + gq4) +1C *sin(gq3 + g4 + g5)) * (g * +g* +g*-+ +-+-)*u2'— F2- - *cos(q3)*u3"2—-*(IA*cos(q3)*u3"2+ *cos(q3 + q4) * (u3 + ud)"2) - *(A*
cos(g3) * u3"2 + IB * cos(g3 + q4) * (U3 + u4)"2 + *cos(g3 + g4 + g5) * (u3 + u4 + u5)"2) - * *sin(g3 + g4 + g5) * us’ - (-*- *sin(q3 + gq4) + *(IB *sin(gq3 + q4) + *sin(g3 +
g4 +5) * u4' - (S * I * sin(q3) + [ * (A * sin(q3) + [N * sin(3 + q4)) + [ * (A * sin(g3) + 1B * sin(q3 + q4) + [N * sin(q3 + g4 + 05))) * u3)

*sin(g3) + ¢ * [l * (A * sin(q3) + B * sin(q3 + q4)) + g * [l * (A * sin(g3) + IB*sin(q3+q4)+‘sm 3+ g4+ q5)) + [HEE A * [l * sin(q4 3/\2 * (1A * 1B * sin(q4) *
sm(qA +05) * u3"2 + *|B * sin(g5) * (U3 + u4)"2 - *|B * sin(q5) * (U3 + u4 + u5)~2) + ([l + IB *cos(g5))) * us' + [l + i Az + &A
*|B * cos(q5))) * ud’ + *- *sin(q3) + [l * (A * sin(q3) +. *sin(q3 + q4)) + i * (IA * sin(q3) + IB * sin(q3 + *sin(q3 + g4 + u2 * cos q3) +
B < (A * cos(q3) + [HENE * cos(g3 + q4)) + M * (IA * cos(q3) + IB * cos(q3 + q4) + *cos(q3 + g4 + g5))) * ul’ + (I + [ + EEEE ( +1A * cos(q4)) + * (EEEE 2 + 1B"2 + IA * IB * cos(q4)
+2* h *1B * cos(g5) + *IA* cos(q4 + g5))) * u3' + (IB * cos(q3 + g4) + IC * cos(q3 + g4 + q5)) * (| - *sin(g3) * u3"2 + *(IA * sin(g3) * u3"2 + *sin(g3 + q4) * (U3 + u4)A2hi *
(IA *sin(q3) * u3"2 + IB * sin(q3 + q4) * (U3 + u4)"2 + *Sin(g3 + g4 + g5) * (U3 + U4 + US)"2) + + [l + *u1 - F1 - [ *cos(q3 + g4 + g5) * U5’ - *cos(q3 + q4) + [l * (1B *
cos(q3 + q4) + [ * cos(q3 + g4 + g5))) * u4’ * * cos(q3) + * (1A * cos(g3) + * *cos(q3 + q4)) + *(IA* cos(q3) + IB * cos(g3 + q4) + h *cos(q3 + g4 + q% *u3) + (IB * sin(q3 +
q4) +1C *sin(g3 + g4 + g5)) * (g * + g* + + + [ilil) *u2' - F2 - *cos(g3) * u3"2 - * (IA * cos(g3) * u3"2 + *cos(q3 + q4) * (u3 + ud)"2) - * (IA * cos(g3) * u3n2
+1B * cos(q3 + g4) * (U3 + u4)"2 + 3+q4+q5)*(u3+u4+u5)A2)- * *sin(gq3 + g4 + g5) * u5’ - (| - *sin(g3 + g4 + g5))) * ud’ -

T4 =

T3+

* *sin(gq3 + g4) + IB *sin(q3 + q4) +
q g3+

(- *sin(g3) + * (IA * sin(g3) + *sin(g3 + q4)) + (IA *sin(g3) + 1B * sin(q3 + g4) + *sin(g3 + g4 + g5))) * u3) - *g* *sin(g3+qd) -g* *(IB * sin(q3 + g4) + *
sin(q3 + g4 + g5)) - - sm(q4) (U3"2 - (U3 + u4)"2) - *(IA*IB * sin(g4) * u3"2 + *1A*sin(g4 + g5) * u3"2 + *IB *sin(g5) * (U3 + u4)"2 - IA * IB * sin(q4) * (u3 + u4)"2 - -
IB *sin(g5) * (u3 + u4 + u5)"2 - *|A *sin(g4 + g5) * (u3 + u4 + u5)"2) - C + - ( + 1B * cos(g5) + IA * cos(g4 + gb))) * us’ * *sin(g3 + gq4) + *(IB * sin(q3 + g4) + *
sin(g3 + g4 + g5))) * u2' - *cos(q3 + q4) + * (B * cos(q3 +q4) + * cos(g3 + g4 + g5))) *ul’ + * - * +|A * cos(q4)) + - * "2 + 1B"2 + IA * B * cos(g4) + 2
* BRI * 1B * cos(q5) + *|A * cos(q4 + 5))) * ud’ - *|A * cos(q4)) + [i h2 + 1AN2 + IBA2 + 2% *IB * cos(q5) + 2 * IA*IB *
cos(q4) + 2 * [N * 1A * cos(g4 + q5))) * u3' - | * * (IA * sin(g3) * u3"2 + *sin(g3 + g4) * (u3 + u4)~2) + il *
(IA * sin(q3) * u3"2 + IB * sin(q3 + q4) * (U3 + u4)"2 + * (- N e - v - F1 - R *cos(q3 + q4 + g5) * U5’ - * [l * cos(q3 + q4) + [l * (1B *

cos(q3 + q4) + [ * cos(q3 + g4 + g5))) * u4’ - * (IA * cos(q3) + [HENI * cos(q3 + q4)) + [l * (A * cos(g3) + IB * cos(q3 + q4) + *cos(g3 + g4 + g5))) * u3) - (1A * sin(g3) +
IB *sin(g3 + gq4) +1C *sin(gq3 + g4 + g5)) * (g * + - + -) *u2'-F2- - *cos(g3) * u3r2 - *(IA * cos(g3) * u3"2 + *cos(q3 + q4) * (u3 + ud)"2) - *(A*
cos(g3) * u3"2 + IB * cos(g3 + q4) * (u3 + u4)"2 + *cos(g3 + g4 + g5) * (u3 + u4 + u5)"2) - *sin(q3 + g4 + g5) * us’ - (- - *sin(q3 + g4) + *(IB *sin(gq3 + q4) + *sin(g3 +
g4+ g5))) * u4' - (EEIE * I * sin(a3) + [ * (A * sin(q3) + [HEH * sin(a3 + g4) + [ * (A * sin(g3) + IB * sin(g3 + g4) + HEHI * sin(3 + g4 + 09))) * u3)
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How Do We Determine Body Segment Parameters?

Anthropometry (Greek, anthropos- + -metria
= human measure)

— Discipline concerned with the measurement
of the physical characteristics of humans

60.4

396

. 433

56.7

Biomechanists are mainly interested in the
Inertial properties of the body and its segments

— May need segment lengths, circumferences, etc.

433

. 567
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BIOMECHANICS

of the Musculo-skeletal System
Second Edition

Edited by
Benno M. Nigg & Walter Herzog

The purpose of this lecture is to present
background material on determining inertial
properties to use in your simulations

Copyright © 2007 Jeff Reinbolt

Kineties
of Human
Motion

Viadimir M. Zatsiorsky

Disclaimer

This lecture is NOT meant to be a detailed
account of the study of anthropometry or
body segment parameters

— Described elsewhere (Contini 1972, Dirillis,

Contini, and Bluestein 1964, Nigg and
Herzog 1994, Zatsiorsky 2002)




Biomechanical Assumptions

* Body segments behave as rigid bodies during movement
— Ignores the fact that bones bend, blood flows, and muscles contract
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Biomechanical Assumptions

* Body segments behave as rigid bodies during movement
— Ignores the fact that bones bend, blood flows, and muscles contract

» Single rigid body can be used to lump several body segments
— Ignores the fact that hands, feet, and torso have several joints
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Biomechanical Assumptions

* Body segments behave as rigid bodies during movement
— Ignores the fact that bones bend, blood flows, and muscles contract
» Single rigid body can be used to lump several body segments
— Ignores the fact that hands, feet, and torso have several joints
* Rigid body assumptions simplify a complex musculoskeletal system

— Eliminates the need to quantify mass distribution changes caused by
tissue deformation and movement of bodily fluids
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Biomechanical Assumptions

* Body segments behave as rigid bodies during movement
— Ignores the fact that bones bend, blood flows, and muscles contract
» Single rigid body can be used to lump several body segments
— Ignores the fact that hands, feet, and torso have several joints
* Rigid body assumptions simplify a complex musculoskeletal system

— Eliminates the need to quantify mass distribution changes caused by
tissue deformation and movement of bodily fluids

« Body segment mass distribution scales _ «
across “reasonable” sizes
— Allows individual’s inertial properties to

be estimated based on averages from
a sample population 40

Copyright © 2007 Jeff Reinbolt



Methods for Determining
Inertial Properties

(1)

Harless (1860)

Braune & Fisher (1889)

Fisher (1906)

Dempster (1955) \_kinematics /

Hanavan (1964)

\__imaging _/

.iatze (1975)
. Hatze (1980) Dainis (1980)
Zatsiorsky & Seluyanqv (1983) cadon & Morlock (1989). Vaggha”’ .
Mungiole & Martin (1990) Yeadon (1990) ﬁ\gyr(elvg%é)

Durkin, Dowling, & Andrews (2002
Durkin & Dowling (2003)
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Methods for Determinin
Inertial Properties

Harless (1860)

Braune & Fisher (1889)

Fisher (1906)

\_ cadavers /

]
Hanavan (1964)

Dempster (1955)

Hatze (1975)

: Hatze (1980 Dainis (1980)
ateigraky & N
Zatsiorsky & S %%;f?@m 2 ??g%k (1989) Eié&ﬁ? .
eadon (1990) Hay (1982)
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Cadaver Measurements

 Inertial properties are difficult to directly determine in living persons

« Scaling methods indirectly estimate inertial properties using non-
Invasive measurements (i.e., body mass, height, and segment lengths)

o Earliest attempts

— Harless (1860)

» Estimated mass (scales), center of mass (balance
plate), and volume (principle of Archimedes)

» 2 executed (beheaded) criminals separated into
18 segments

— Braune and Fischer (1889)

» Estimated mass, center of mass (hanging from 3
different axes), and volume

» 3 dead German soldiers separated at joints
— Fischer (1906)

« Estimated moment of inertia (?)

« 2 additional cadavers

Copyright © 2007 Jeff Reinbolt



Cadaver Measurements

Landmark work (currently in use) created by the U.S. Air Force in
Space Requirements of the Seated Operator (Dempster 1955)

— Outlined procedures for measuring inertial

properties of 8 cadavers (mean age = 69) |t
With Special Reference to the Limbs
— Recorded segment lengths, masses, and

volumes

— Calculated segment centers of mass
(balancing technique)

— Calculated segment moment of inertia
(pendulum technique)

WILFRED TAYLOR DEMPSTER

UNIVERSITY OF MICHIGAN

JULY 1955

AERO MEDICAL LABORATORY
CONTRACT No. AF 15(600)-43
PROJECT No. 7214

WRIGHT AIR DEVELOPMENT CENTER
AIR RESEARCH AND DEVELOPMENT COMMAND
UNITED STATES AIR FORCE
GHT-PATTERSON AIR FORCE BASE, OHIO

Copyright © 2007 Jeff Reinbolt



Cadaver Measurements

Landmark work (currently in use) created by the U.S. Air Force in
Space Requirements of the Seated Operator (Dempster 1955)

— Included tables for proportionally determining inertial properties
« Segment masses as proportions of the total body mass
» Centers of mass and radii of gyration as proportions of segment lengths

Copyright © 2007 Jeff Reinbolt



Cadaver Measurements

Many studies have been conducted since Dempster’'s 1955 work
(2 are noteworthy because they defined segments using palpable bony landmarks)

— Clauser, McConville, and
Young (1969)

 Measured mass, center of
mass, and volume

13 male cadavers dissected
into 14 segments

Determination of Forearm-Hand Weight
W - Weight of Forearm-Hand
AR - Difference Between Scale Readings
- Distance Between Supports
de - Displacement of Center of Mass of Forearm-Hand

Figure 1. Estimation of a Segment’s Weight by the Method of
: Reaction Change.

Copyright © 2007 Jeff Reinbolt



Cadaver Measurements

Many studies have been conducted since Dempster’'s 1955 work
(2 are noteworthy because they defined segments using palpable bony landmarks)

— Clauser, McConville, and
Young (1969)
 Measured mass, center of
mass, and volume
e 13 male cadavers dissected
into 14 segments

— Chandler et al. (1975)

 Measured mass, center of
mass, principal moments of
inertia, and volume

6 male cadavers dissected
into 14 segments

Copyright © 2007 Jeff Reinbolt



Cadaver Measurements

Subsequent studies expanded on methods of Chandler et al.
— Hinrichs (1985)
» Applied regression equations to the moments of inertia

— Vaughan, Davis, and O’Connor (1992)

» Created regression equations that included anthropometrics such as calf
and mid-thigh circumference

\ ASIS breadth
i

Midthigh circumference

]
=" Knee diameter

1t paramelters
s and moments of |
inertia). alf |
' ircumference

Malleolus wid _
~ Malleolusy /
Foot breadth height + \.
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Methods for Determinin
Inertial Properties

ti
Hanavan (1964)

Hatze (1975)
Hatze (1980) Dainis (1980)

Zatsiorsky & Seluyanov (1983) Vaughan,
Mungiole & Martin (1990) e@gg{]o‘% '\("1%5%‘5" (1989) Andrews, &
Hay (1982)

Durkin, Dowling, & Andrews (2002)
Durkin & Dowling (2003) ¢

e
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Shape Estimates

Determine inertial properties from a 3D geometric model using
uniform density cylinders, ellipsoids, etc.

— Hanavan (1964)
 Modeled most segments as frusta
* Modeled hands as spheres, head as an
ellipsoid, and trunk as 2 elliptical cylinders

« Computed moments of inertia using additional
anthropometric measures such as mid-thigh
circumference, malleolus height, knee
diameter, and biacromial breadth

Copyright © 2007 Jeff Reinbolt



Shape Estimates

Determine inertial properties from a 3D geometric model using

uniform density cylinders, ellipsoids, etc.

— Hanavan (1964)
 Modeled most segments as frusta

* Modeled hands as spheres, head as an
ellipsoid, and trunk as 2 elliptical cylinders

« Computed moments of inertia using additional
anthropometric measures such as mid-thigh
circumference, malleolus height, knee
diameter, and biacromial breadth

— Hatze (1980)

* Enhanced Hanavan’s method to include more
segments and direct measurements

» Used 242 measures to define a 42-DOF, 17-
segment model of the body

Copyright © 2007 Jeff Reinbolt

Fig. 1. Lateral and anterior view of 17-segment anthropomor-

phic model, The shapes of the segments, as depicted here,
accurately reflect the morphologies of the model segments.
The local (segment-fixed) coordinate systems are also shown.




Methods for Determining
Inertial Properties

\_kinematics /
Hanavan (1964)

e Hatze (1975)

2o s
x (1080) ainis (1980
Zatsiorsky & Seluyanov (1983) — if@@ 7 Vasugha?*\
) ; eadon & Morlock {ﬁ@%’%@}
Mungiole & Martin (1990) Yeadon (1990) Andrews, &
Hay (1982)

Durkin, Dowling, & Andrews (2002)
Durkin & Dowling (2003)
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Kinematic Measurements

Determine inertial properties from in vivo kinematic characteristics

— Hatze (1975)

» Estimated center of mass and
moment of inertia using an
oscillation technique

e

‘hematic representation of the me ing technigque, The gment, is suspended
i ar carrying strain
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Kinematic Measurements

Determine inertial properties from in vivo kinematic characteristics

— Hatze (1975)

» Estimated center of mass and
moment of inertia using an
oscillation technique

— Dirillis, Contini, and Bluestein
] ] F
(1964) | _L—
« Estimated inertial properties
using the quick-release Dval Beam
method Slruge SCP

Accelerom

Release
Mechanism

Figure 2: Sketch of the setup used for estimation

of the mass moment of inertia of distal

segments by the quick release method.

Copyright © 2007 Jeff Reinbolt



Methods for Determining
Inertial Properties

Braune & Fisher (1889)

Dempster (1955) 2matics / \_ imalng /
Hanavan (1964)
Hatze (1975)
: Hatze (1980) Dainis (1980)
Zatsiorsky & Seluyanov (1983) Yeadon & Morlock (1989) Vaughan,
Mungiole & Martin (1990) Yeadon (1990) Andrews, &
| Hay (1982)

Durkin, Dowling, & Andrews (2002
Durkin & Dowling (2003)
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Imaging and Meshing Techniques

Determine inertial properties from imaging with radiation

— Zatsiorsky and Seluyanov (1983)

« Computed mass distribution by quantifying the density of incremental slices
of each segment obtained with gamma mass scanning techniques

« 100 male and 15 female living subjects (included young subjects)
» Applied regression equations to customize inertial properties

— Durkin and Dowling (2003) & Durkin, Dowling, and Andrews (2002)

o Used dual energy x-ray
absorptiometry (DEXA) to
measure density and
geometry

o 25 males and 25 females (19-
30 yrs), 25 males and 25
females (55+ yrs)

» Developed regression
equatlons for upper and Iower Fig. 1 Density image of a whole body DEXA scan of a human male. Materials

that are more dense appear more white, enabling the user to see the skeletal

1 system and more accurately digitize body segments and select segment end-
extremity segments i
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Imaging and Meshing Techniques

Determine inertial properties from imaging without radiation

- Jensen (1978) « Joint centre
« Segment centroid
« Combined shapes and photos S ——
to find principal axes of
ellipses that matched front and [ | I H,{ HHM“H]U'HH

side view images of subjects

« 3 boys of different body types ‘” ill il \ |||!
(thin, average, and fat)

— Mungiole and Martin (1990)

» Estimated inertial properties
from MRI data
— Transverse slices 2.5 cm
apart along longitudinal axis

— Manually segmented into et 11 . - o
bone, muscle, and fat

|
il

G e

Fig. 1. The sectioned body.

ESTIMATING SEGMENT INERTIAL PROPERTIES:

—_ iti COMPARISON OF MAGNETIC RESONANCE IMAGING
Used the densities reported N OF MAGNETIC RESONAN
by Clauser et al. 1969 MICHAEL MUNGIOLE® and Pritp B, MART

Exercise and Sport Research Insti :ute Drpn riment of Exercise Science nd thsucal. Education,

e 12 adult male distance runners ArcosSse ey, Tomp, AZ 524040
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Methods for Determining
Inertial Properties

Harless (1860)

Braune & Fisher (1889)

Fisher (1906)

Dempster (1955)
Hanavan (1964)
Hatze (1975)

“ ‘ 1087 Hatze (1980 Dainis (1980)
oy S e Yeadon & Morlock (1989) = Yaughan,
Yeadon (1990) = Andrews, &
Hay (1982)

Mungiole & Martin (1990)
Vaughan, Davis, &

Durkin, Dowling, & Andrews (2002 O’Connor (1992)

Durkin & Dowling (2003)
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2D Example
mass

Use the proportions in Dempster (1955) to calculate the thigh mass for
a 90.0 kg person.

Dempster’s Inertial Properties

Segmental

_ Center of mass/ Radius of gyration/
Endpoints mass/

Segment segment length  segment length

(proximal to distal) total mass
P R

Thigh Hip to knee center 0.100 0.433 0.567 0.323 0.540 0.653

K K

proximal Rdistal cm proximal Kdistal

Mipigh = FhighMiotal
Mipigh = 0.100x90.0

Copyright © 2007 Jeff Reinbolt



2D Example
center of mass

Use the proportions in Dempster (1955) to calculate the thigh center of
mass given the thigh length is 0.463 m.

Dempster’s Inertial Properties

Segmental

Endpoints mass/
(proximal to distal) total mass

P Rproximal Rdistal K K
Thigh Hip to knee center 0.100 0.433 @ 0.567 0.323 0.540 0.653

Center of mass/ Radius of gyration/

Segment segment length segment length

cm proximal Kdistal

<+ 0.433 »><+— 0.567 —>

r:[high — Rproximal (thigh)lthigh
ign = 0.433x0.463

Copyright © 2007 Jeff Reinbolt



2D Example
moment of inertia

Use the proportions in Dempster (1955) to calculate the thigh moment
of inertia (1,,) about its center of mass for a 90.0 kg person given the
thigh length is 0.463 m.

Dempster’s Inertial Properties

Segmental

Endpoints mass/
(proximal to distal) total mass

P Rproximal Rdistal K K
Thigh Hip to knee center 0.100 0.433 0.567 0.323 0.540 0.653

Center of mass/ Radius of gyration/

Segment segment length  segment length

cm proximal Kdistal

Mthigh = Mring lring = Kzz J
|th|gh/ p_ =1! rlng/ p

thigh/ thigh/
100 P = = Mthigh (Kzz : p)
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2D Example
moment of inertia

Use the proportions in Dempster (1955) to calculate the thigh moment
of inertia about its center of mass for a 90.0 kg person given the thigh
length is 0.463 m.

Dempster’s Inertial Properties

Segmental

_ Center of mass/ Radius of gyration/
Endpoints mass/

Segment segment length  segment length

(proximal to distal) total mass
P R

Thigh Hip to knee center 0.100 0.433 0.567 0.323 0.540 0.653

K K

proximal Rdistal cm proximal Kdistal

thigh/cm thigh/cm thigh/cm\ 2
I(zz_ i Kcm(thigh)lthigh Izz_ i mthigh (kzz )
khohiem — 0.323x0.463 11" = 9.00x0.1495°
kMohem — 0.1495 m | MM — 0.201kg - m”
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3D Example
ERS)

Use the regression equations in Vaughan, Davis, and O’Connor (1992)
to calculate the thigh mass for a 90.0 kg person given the thigh length
IS 0.463 m and mid-thigh circumference is 0.445 m.

Mass of thigh = (0.1032 ) Total body mass)

=(12.76) Thigh length i Midthigh ercumference )

S(=1.023% (3.4}

2
Myign = 0.1032 Mg +12.76 | (Cyign )™ —1.023

tota

Mypign = (0.1032%90.0) + (12.76 X 0.463 X 0.4452) —1.023
mthigh =9.44 kg

Copyright © 2007 Jeff Reinbolt



3D Example

ERS)
Study Mipigh Moty Ithigh Cihigh
Dempster
(1955) 9.00 90.0 - -
Vaughan et
al. (1992) 9.44 90.0 0.463 0.445
9.00 ! ! !

2
Myign = 0.1032 Mg +12.76 | (Cyign )™ —1.023
total = [mthlgh +1.023-12.76 Ithlgh (Cthlgh) ]/O 1032 = kg
thlgh (mthlgh +1.023 -0.1032 mtotal ) /[12 76 (Cthlgh) ] -

Covigh = [(Mypign +1.023 —0.1032 My, ) /(12.76 | )]7° =
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3D Example
center of mass

Use the proportions in Vaughan, Davis, and O’Connor (1992) to
calculate the thigh center of mass given the thigh length is 0.463 m.

Y

int/ext

r.thigh = R proximal (thigh) Ithigh

lipigh = 0-390x0.463
Mhigh = 0.181m

xabd/add

Copyright © 2007 Jeff Reinbolt



3D Example

center of mass
Study Finigh R proximal(thigh) linigh
Dempster
(1955) 0.201 0.433 0.463
Vaughan et
al. (1992) 0.181 0.390 0.463
0.201 1
r.thigh — I:eproximal (thigh)lthigh
Rproximal (thigh) = Tinigh / Ithigh =
Ithigh = lihigh /R m

Copyright © 2007 Jeff Reinbolt
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3D Example
moment of inertia

Use the regression equations in Vaughan, Davis, and O’Connor (1992) to
calculate the thigh moments of inertia about its center of mass for a 90.0
kg person given the thigh length is 0.463 m and mid-thigh circumference is

0.445 m.

Moment of inertia of thigh about the flexion/extension axis

(0.00762)(Total body mass) x

[(Thigh Iength)* + 0.076 (Midthigh circumference)*] + 0.0115
(3.11)

79" = 0.00762 Mygiy [(lyign ) +0.076(Cyyiqn ) °1+0.01153

| M9VeM — 0.00762 x 90.0 x (0.463° +0.076 X 0.445%) +0.01153
| MMM — 0,169 kg - m?
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3D Example
moment of inertia

Study Iflex(cm(thigh)) Miota I-thigh Cthigh
Dempster
(1955) 0.201 90.0 0.463 -
Vaughan et
al. (1992) 0.169 90.0 0.463 0.445
0.201 7 i T

79" =0.00762 Mgy [(lyign ) +0.076(Cyigy )1+ 0.01153

total

= (1" —0.01153)/{0.00762[ (I, )* +0.076(Cyrigs ) “1} = 108 kg

lyign = [(157977°™ —0.01153)/(0.0762 M,y ) —0.076(Cyyg ) *1°° = o

Caign ={[(1;2"""" —0.01153)/(0.0762 My ) = (I )1/ 0.076} > =
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3D Example
moment of inertia

Use the regression equations in Vaughan, Davis, and O’Connor (1992) to
calculate the thigh moments of inertia about its center of mass for a 90.0
kg person given the thigh length is 0.463 m and mid-thigh circumference is
0.445 m.

157" = 0.00762 My [(lign)” +0.076 (Cigy )] +0.01153

| MM = 0.00762 x 90.0 x (0.463° +0.076 X 0.445%) +0.01153
| MM = 0,169 kg - m?

1" =0.00726 My [(Iign)” +0.076(Cyign )1+ 0.01186

| M9V — 0.00726 x90.0 x (0.463” +0.076 x 0.445°) +0.01186
| M = 0.162 kg - m”

thigh/ 2

Iygfgh,cm =0.00151 M, (Cyigr) q;o.oo305
17" " =0.00151x 90.0 X 0.445" +0.00305
""" =0.030 kg-m”
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Summary

\_ caars J

\_ shapes /

\_ kinematics /

Inertial properties appear often in
equations of motion

Rigid body assumptions simplify a
complex musculoskeletal system

Inertial properties can be scaled
across certain body sizes

Four categories of methods for
determining inertial properties

Copyright © 2007 Jeff Reinbolt




Why Do We Care?

« Accurate inertial properties are desirable

But...

* Errors in inertial properties may have little effect on kinetic
measurements (e.g., joint moments or powers)

— Especially when the body is in contact with the environment

— The relative magnitudes of inertial forces (-ma) and especially moments
(-la) are small compared with the moments caused by ground reactions

Copyright © 2007 Jeff Reinbolt



Should We Care?
F=ma

Fri= r* sm( 3) * u3A2 o * (1A * sin(g3) * u3"2 + * sin(q3 + q4) * (U3 + UA)AZE- * (1A * sin(g3) * u3"2 + IB * sin(g3 + q4) * (U3 + u4)"2 + *sin(g3 + q4 + g5) * (U3 + ud + us)Aﬁ- +
*cos(q3 + g4 + 5) * U5’ - *q. *cos(q3 + q4) + [l * (1B * cos(q3 + q4) + HEN * cos(q3 + g4 + g5))) * u4’ - * [l * cos(q3) + Il * (A * cos(q3) + *

cos(g3 + q4)) + (IA - cos(qs) +1B * cos(q3 + g4) + *cos(q3 + g4 + g5))) * u3’

C RN H BN N N BN

* cos(g3) * u3~2 - [l * (A * cos(g3) * u3~2 + [HEIR * cos(q3 + q4) * (u3 + u4)~2) - il * (A * cos(g3) * u3"2 + IB * cos(q3 + g4) * (u3 +

42 + *cos(q3 + g4 + g5) * (U3 + u4 + uS)"2) - *sin(g3 + g4 +g5) * u5' - (HEIE * I * sin(o3 + q4) + [ * (B * sin(g3 + q4) + *sin(g3 + g4 + g5))) * u4’ - * [l * sin(g3) +
BB * (A * sin(q3) + HEIR * sin(a3 + q4)) + [l * (A * sin(g3) + 1B * sin(q3 + q4) + M * sin(q3 + g4 + g5))) * u3'

8- EEEE- AR sing4) * 32 - (u3 +us)~2) + [l * (1A * 1B * sin(g4) * u3"2 + *1A * sin(q4 + g5) * u3~2 + [ * 1B * sin q5) u3 + u4)"2 -1A* 1B * sin(g4) * (U3 + u4)"2 - * |B * sin(g5) * (U3 +
U4 + us)"2 - *1A *sin(g4 + g5) * (u3 + ud + u5)~2) + (I + [EENEE -  ( + 1B * cos(q5) + IA * cos(q4 +Q5))) * us' + EhE BE + A * cos(q4)) + [l * 2 +1BA2 + 1A * 1B *
cos(qd) + 2 * *1B * cos(q5) + [N * IA * cos(g4 + q5))) * u4 + (Il + 1 + € + 1 - NI~ + E - (HEE > + \A"Z + 2 \A * cos(qd)) + 2% *IB * cos(q5) +
2*IA*IB * cos(qA) +2 [ * 1A * cos(q4 + g5))) * u3’ + (IA * cos(g3) + IB * cos(q3 + g4) + IC * cos(q3 + q4 + q5 * sm(qS) u3~2 + [l * (A * sin(q3) * u3~2 + [HEI * sin(g3 + g4) * (U3 +

ud)"2) + * (1A * sin(g3) * u3"2 + 1B * sin(g3 + g4) * (u3 + u4)"2 + *sin(g3 + g4 + g5) * (U3 + ud + u5)"2) + |

q4) + [l * (1B * cos(q3 + q4) + NN * cos(q3 + g4 + g5))) * u4’ - [l * cos q3) + \A * cos(q3

u3) + (IA *sin(g3) + IB * sin(gq3 + g4) + IC * sin(q3 + g4 + g5)) * (g * +g

u4)~2) - [l * (A * cos(q3) * u3’\2+\B*cos 3+q4) (u3 + ud)"2 + * cos| 3+q4+q5 u3+u4+u5)”2 - *sm(q3+ 4 + g5) * u5' - BB * sin(q3 + q4) + *(IB *sin(g3 + q4) +

ﬁ*sm(q3+q4+ 5))) * ud’ - * sin(q3) + [l * (A * sin(g3) + *sin(g3 + q4)) + [l * (A * sin(g3) + \B*sln(q3+q4W*sm(q3+ 5))) * u3’) - il - *o* [l *sin@3)-g*
(1A* sm(w * sln(qs + q4)) g %* sin(q3) + 1B * sin(g3 + q4) + *sin ﬁ3 +q4+Q5)) - [l * sin(q3) + [l * (A * sin(g3) + i* sin(q3 + q4)) + il * (1A * sin(q3) + IB *

sin(g3 + g4) + *sin(g3 + g4 + g5))) * u2' - (| cos(g3) + *(IA * cos(q3) + *cos(q3 + q4)) + *(IA * cos(g3) + IB * cos(q3 + q4) + *cos(g3 + g4 + g5))) * ul’

T5= .+1* * *sm q3) + g 1 (IA*sln(qﬁ *sin(q3 + qd)) + g * - *sin(g3) +|B* 3+ q4) + SN * sin(q3 + g4 + ¢5)) + [EEEE * [ * (A * sin(g4 + g5) * u3"2 + IB * sin(q5) * (U3 +

u4)n2) + 2) * us' + +1B * cos(q5))) * ud’ + j’ +IB * cos(q5) + IA * cos(q4 + 5))) * u3’ + [l * sin(g3) + [l * (A * sin(q3) +& *
sin(g3 + g4)) + *(IA* sin(g3) + IB * sin(q3 + q4) + *sin(g3 + g4 + g5))) * u2' + * cos(q * (1A * cos(g3) + *cos(q3 + g4)) + * (1A * cos(q3) + IB * cos(q3 + g4) + -

cos(g3 + q4 +@5))) *ul’ +IC * cos(q3 + g4 + g5) * (| * - sm(quuBAZ + * (IA * sin(g3) * u3"2 + * sm 3H4) * (u3 + u4)"2) ﬁ (IA *sin(g3) *u3*2 + IB * sm(q3 +q4) * (U3 + ud)"2 +

q3 +qg4+ g5 (u3 + U4 + u5)"2) + + + [ill) * ul’ - B - - *cos(q3 + g4 + g5) *u5’ - cos(g3 + q4) + (IB * cos(q3 + q4) + * cos 3 + q4 +05))) * u4‘
* (IA * cos(q3) + * cos(q3 + g4)) + * (1A * cos(q3) + IB * cos(q3 + g4) + * cos(q3 + g4+ g5))) *ud’) +IC * sin(q3 + g4 + g5) * (g * ﬁ

* [l * cos(q3) +
+ i) * u2' - *cos(g3) * u3"2 - * (IA * cos(g3) * u3"2 + * cos(q3 + g4) * (U3 + u4)"2) - * (1A * cos(q3) * u3"2 + IB * cos(q3 + q4) * (u3 + u4)A2 + * cos 3 + g4+ qs) (u3 +
u4 + u5)"2) - * sm(q3 +q4+g5) *us' - h *i *sin(g3 + g4) + [l * (1B * sin(q3 + q4) + * sm(qS +g4 +q5))) * u4’ - (HENE ﬁ *sin(g3) *(IA * sin(q3) + *sin(g3 + q4)) +
B8 * (A * sin(g3) + IB * sin(q3 + q4) + [ * sin(q3 + g4 + q5))) * u3') - EEEIE * o * [ * sin(g3 + 94 + g5) - *|A > [~ sm(qA) (U3"2 - (u3 + u4)~2) - il * (\A *|B * sin(g4) * u32 + [HENIM * 1A * sin(q4
+@5) * u3~2 + [ * 1B * sin(g5) * (u3 + u4)"2 - IA *|B * sin(q4) * (U3 + ud)"2 - *IB * sin(q5) * (U3 + ud + u5)"2 - *|A* sin(q4 + g5) * (U3 + u4 + ul

* [l * cos(g3 + q4 + g5) *ul’ - (@ + R + 1B * cos(g5) + IA * cos(g4 + g5))) * us’ - (Il + il * +IA * cos(q4)) + [l * "2 + 1B"2 + 1A * B * cos(q4) + 2 * [N *
1B * cos(g5) + M * 1A * cos(q4 + g5))) * ud’ - | + [ -+ i~ 2 + R - (2 + A2 + 2+ *IB * cos(q5) + 2 * 1A * IB * cos(q4) +
2~ [ * 1A * cos(g4 + q5))) * u3' - (IA * cos(q3) + \B *cos(q3 + q4) + IC * cos(q3 + g4 + 5)) * * (1A * sin(g3) * u3~2 + [l * sin(g3 + q4) * (u3 + u4)~2) + [l * (A *

*cos(q3 + g4 + g5) * U5’ - il * cos(q3 +
- cos(q3 +q4)) + - (\A *cos(q3) + IB * cos(g3 + q4) + *cos(q3 + g4 + q5))) *
* *cos(g3) * u3"2 - (IA * cos(q3) u3"2 + * cos(q3 + q4) * (u3 +

[l * sin(q3 + g4 + g5) * u2' -

IA *cos(q4)) +
*sin(g3) * u3"2 +

sin(g3) * u3"2 + IB * sin(q3 + g4) * (U3 + u4)"2 + *sin(g3 + g4 + g5) * (U3 + u4 + u5)"2) + +- *ul' - *-*cos(q3+ g4 +@5) * u5’ - *-*cos(q3+q4)+ *(B*
cos(q3 + q4) + - *cos(g3 + g4 + g5))) * ud’ - * * cos(g3) + *(IA* cos(g3) + * cos(q3 +04)) + * (IA* cos(g3) + IB * cos(q3 + g4) + *cos(q3 + g4 +@5))) * u3’) - (IA * sin(q3) +
IB *sin(g3 + g4) +IC *sin(q3 + g4 + g5)) * (g * +g* + g"-+ +-+-)*u2'— * cos(q3) * 3"2—-*(IA*cos(q3)*u3’\2 + *cos(q3 + q4) * (U3 + u4)"2)—-*(\A*
cos(g3) * u3"2 + IB * cos(g3 + q4) * (U3 + ud)"2 + *0s(g3 + g4 + g5) * (U3 + u4 + u5)"2) - *sin(g3 + g4 + g5) * u5' - (NN * Il * sin(a3 + 94) + [l * (B * sin(q3 + q4) + [HEM * sin(a3 +
g4 +5)) * u4' - (S ~ I * sin(q3) + [ * (A * sin(q3) + [N * sin(q3 + q4)) + [ * (A * sin(3) + 1B * sin(q3 + q4) + [N * sin(q3 + g4 + 45))) * u3)

M- W *sin(g3) + g * [l * (A * sin(q3) + B * sin(q3 + q4)) + * (IA * sin(g3) + IB * sin(q3 + q4)+‘s|n +q5)) + [ * A [l sm(qzﬁ 3/\2 (\A*IB* in(g4) *
u3n2 + sin(q4 +05) *u3"2 + *|B * sin(g5) * (u3 + u4)"2 - *1B * sin(g5) * (U3 + u4 + HAZ) + @+ +1B * cos(q5))) * us' + (Il A2 + ﬂ
+IBA2 + 2% *IB * cos(q5))) * ud’ + *sin(q3) + [l * (A * sin(g3) +.* sin(g3 + q4)) + (IA*si iqBE 1B * sm(qs + q4 + *sin(g3 + g4 * u2 * cos q3) +
B « (A * cos(q3) + [HEI * cos q3 +q4)) + Il * (A * cos(q3) + IB * cos(q3 + q4) + cos(q3 + g4 + g5))) * ul’ + +1A * cos(q4)) + * (EEEE2 + 1B"2 + IA * IB * cos(q4)
+2* h *IB * cos(gb) + *|A* cos(g4 + g5))) * u3' + (IB * cos(q3 + g4) + IC * cos(q3 + g4 + H * *sin(g3) * u3A2 + * (IA* sin(g3) * u3"2 + - sm( q4) (u3 + u4)A2hi *
(IA * sin(g3) * u3"2 + IB * sin(q3 + g4) * (u3 + u4)"2 + *sin(g3 + g4 + g5) * (u3 + u4 + u5)"2) + + ) * vl - F - . * cos(qs +04+g5) *u5' - *cos(q3 + q4) + (B *
cos(q3 + q4) + [HEI * cos(q3 + g4 + qS)) *u4 - * cos(g3) + [ * (A * cos(g3) + * *cos(q3 + q4)) + [l * (A * cos(q3) + IB * cos(q3 + q4) + *cos(q3 + g4 + q *u3) + (IB * sin(q3 +
q4) +1C *sin(gq3 + g4 +g5)) * (g * g* + + + ) *u2' - B2 - *cos(q3) * u3"2 - * (IA * cos(q3) * u3n2 + *cos(q3 + q4) * (u3 + u4)"2) * (IA * cos(g3) * u3~2
+IB * cos(g3 + q4) * (u3 + ud)"2 + 3+q4+q5)*(u3+u4+us)ﬁz)- * *sin(g3 + q4 + g5) * u5' - [l * sin(q3 + 4 + *(IB*sm(q3+q4)+ *sin(q3+q4+q5)) *u4’ -

* sm(qSH * (\A * sin(q3) + *sin(g3 + g4)) + *(IA* sin(g3) + IB * sin(q3 + g4) + *sin(g3 + g4 + g5))) * u3) - *sin(g3 +qd) -g* *(IB * sin(q3 + q4) + -
sin(g3 + g4 + gb)) - * sm(qA) (U3"2 - (U3 + ud)™2) - *(IA*IB * sin(g4) * u3"2 + IA * sin(g4 + g5) * u3"2 + *IB *sin(g5) * (U3 + u4)"2 - IA*IB * s|n(q4) (U3 + u4)"2 - *
IB * sin(g5) * (U3 + u4 + US)"2 - & ﬂ

*1A *sin(g4 + g5) * (U3 + u4 + u5)"2) - ' + - * + 1B *cos(g5) + IA * cos(q4 +@5))) *us’ - *sin(g3 + q4) + *(IB *sin(g3 + q4) + *
sin(g3 + g4 + g5))) * u2’ - *cos(q3 + q4) + *(IB * cos(q3 + g4) + *cos(g3 + g4 +@5))) *ul' - *- + 1A * cos(q4)) + - "2 +1B"2 + IA * IB * cos(g4) + 2
B * 1B * cos(q5) + *IA*cos(q4 +q5)) *us - (ll + B + 1B+ IR~ B2 + A2+ 2% \A*cos(qA)) "2+IA"2+IB"2+2* *IB * cos(q5) + 2 *IA*IB *
cos(qd) + 2 * - *1A * cos(g4 + g5))) *u3' - (IA * cos(g3) + IB * cos(q3 + g4) + IC * cos(q3 + g4 + g5)) * (| * *sin(g3) * u3"2 + * (IA* sin(g3) * u3"2 + *sin(g3 + g4) * (u3 + ud)"2) + *
*cos(q3 + g4 + g5) * u5' - (| B * cos(q3 + q4) + (B *

(IA * sin(g3) * u3"2 + IB * sin(q3 + q4) * (U3 + u4)"2 + *sin(g3 + q4 + g5) * (u3 + ud + us)~2) + (Il + ) *ul’ - [comd]

cos(q3 + q4) + - *cos(g3 + g4 + g5))) * ud’ - * cos(g3) + *(IA* cos(g3) + * cos(q3 + g4)) + - * (IA* cos(g3) + IB * cos(q3 + g4) + *cos(q3 + g4 +5))) * u3’) - (IA *sin(q3) +
IB *sin(g3 + g4) +IC *sin(q3 + g4 + g5)) * (g * - + + - + -) *u2' - 2 - * cos(g3) * udr2 A * (g3) * u3"2 + *cos(g3 + q4) * (u3 + ud)"2) - IA*
cos(g3) * u3"2 + IB * cos(g3 + q4) * (U3 + ud)"2 + *0s(g3 + g4 + g5) * (U3 + u4 + u5)"2) - *sin(g3 + g4 + g5) * u5' - (NI * Il * sin(g3 + 94) + [l * (B * sin(q3 + q4) + [HEM * sin(g3 +

4 +q5))) * u4' - (EEEE I * sin(a3) + [ * (A * sin(q3) + [HE * sin(3 + q4)) + [ * (A * sin(a3) + 1B * sin(q3 + q4) + [HHIM * sin(q3 + g4 + 05))) * u3)
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