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What is the mass, center of mass, and moment of inertia for     ?
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 Fr1 =  comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * (lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + 
mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * 
cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’ 

Fr2 =  g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + 
u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u4’ - (comA * mA * sin(q3) + 
mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’ 

Tr3 =  comB * lA * mB * sin(q4) * (u3^2 - (u3 + u4)^2) + mC * (lA * lB * sin(q4) * u3^2 + comC * lA * sin(q4 + q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - lA * lB * sin(q4) * (u3 + u4)^2 - comC * lB * sin(q5) * (u3 + 
u4 + u5)^2 - comC * lA * sin(q4 + q5) * (u3 + u4 + u5)^2) + (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u5’ + (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * 
cos(q4) + 2 * comC * lB * cos(q5) + comC * lA * cos(q4 + q5))) * u4’ + (iA + iB + iC + mA * comA^2 + mB * (comB^2 + lA^2 + 2 * comB * lA * cos(q4)) + mC * (comC^2 + lA^2 + lB^2 + 2 * comC * lB * cos(q5) + 
2 * lA * lB * cos(q4) + 2 * comC * lA * cos(q4 + q5))) * u3’ + (lA * cos(q3) + lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + 
u4)^2) + mC * (lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + 
q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * 
u3’) + (lA * sin(q3) + lB * sin(q3 + q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + 
u4)^2) - mC * (lA * cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + 
comC * sin(q3 + q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) - T3 - comA * g * mA * sin(q3) - g * 
mB * (lA * sin(q3) + comB * sin(q3 + q4)) - g * mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5)) - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * 
sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u2’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u1’ 

T5 =  T3 + comA * g * mA * sin(q3) + g * mB * (lA * sin(q3) + comB * sin(q3 + q4)) + g * mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5)) + comC * mC * (lA * sin(q4 + q5) * u3^2 + lB * sin(q5) * (u3 + 
u4)^2) + (iC + mC * comC^2) * u5’ + (iC + comC * mC * (comC + lB * cos(q5))) * u4’ + (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u3’ + (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * 
sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u2’ + (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * 
cos(q3 + q4 + q5))) * u1’ + lC * cos(q3 + q4 + q5) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * (lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + 
comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - 
(comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) + lC * sin(q3 + q4 + q5) * (g * mA + g * mB + g * mC + (mA + mB 
+ mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + 
u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + 
mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) - comC * g * mC * sin(q3 + q4 + q5) - comB * lA * mB * sin(q4) * (u3^2 - (u3 + u4)^2) - mC * (lA * lB * sin(q4) * u3^2 + comC * lA * sin(q4 
+ q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - lA * lB * sin(q4) * (u3 + u4)^2 - comC * lB * sin(q5) * (u3 + u4 + u5)^2 - comC * lA * sin(q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u2’ - 
comC * mC * cos(q3 + q4 + q5) * u1’ - (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u5’ - (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * cos(q4) + 2 * comC * 
lB * cos(q5) + comC * lA * cos(q4 + q5))) * u4’ - (iA + iB + iC + mA * comA^2 + mB * (comB^2 + lA^2 + 2 * comB * lA * cos(q4)) + mC * (comC^2 + lA^2 + lB^2 + 2 * comC * lB * cos(q5) + 2 * lA * lB * cos(q4) + 
2 * comC * lA * cos(q4 + q5))) * u3’ - (lA * cos(q3) + lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * (lA * 
sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * 
cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) - (lA * sin(q3) + 
lB * sin(q3 + q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * 
cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + 
q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) 

T4 =  T3 + comA * g * mA * sin(q3) + g * mB * (lA * sin(q3) + comB * sin(q3 + q4)) + g * mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5)) + comB * lA * mB * sin(q4) * u3^2 + mC * (lA * lB * sin(q4) * 
u3^2 + comC * lA * sin(q4 + q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - comC * lB * sin(q5) * (u3 + u4 + u5)^2) + (iC + comC * mC * (comC + lB * cos(q5))) * u5’ + (iB + iC + mB * comB^2 + mC * (comC^2 
+ lB^2 + 2 * comC * lB * cos(q5))) * u4’ + (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u2’ + (comA * mA * cos(q3) + 
mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u1’ + (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * cos(q4) 
+ 2 * comC * lB * cos(q5) + comC * lA * cos(q4 + q5))) * u3’ + (lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * 
(lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * 
cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) + (lB * sin(q3 + 
q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * cos(q3) * u3^2 
+ lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u4’ - 
(comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) - comB * g * mB * sin(q3 + q4) - g * mC * (lB * sin(q3 + q4) + comC * 
sin(q3 + q4 + q5)) - comB * lA * mB * sin(q4) * (u3^2 - (u3 + u4)^2) - mC * (lA * lB * sin(q4) * u3^2 + comC * lA * sin(q4 + q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - lA * lB * sin(q4) * (u3 + u4)^2 - comC * 
lB * sin(q5) * (u3 + u4 + u5)^2 - comC * lA * sin(q4 + q5) * (u3 + u4 + u5)^2) - (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * 
sin(q3 + q4 + q5))) * u2’ - (comB * mB * cos(q3 + q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u1’ - (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * cos(q4) + 2 
* comC * lB * cos(q5) + comC * lA * cos(q4 + q5))) * u4’ - (iA + iB + iC + mA * comA^2 + mB * (comB^2 + lA^2 + 2 * comB * lA * cos(q4)) + mC * (comC^2 + lA^2 + lB^2 + 2 * comC * lB * cos(q5) + 2 * lA * lB * 
cos(q4) + 2 * comC * lA * cos(q4 + q5))) * u3’ - (lA * cos(q3) + lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * 
(lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * 
cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) - (lA * sin(q3) + 
lB * sin(q3 + q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * 
cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + 
q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) 
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How Do We Determine Body Segment Parameters?

Anthropometry (Greek, anthrōpos- + -metriā
= human measure)

– Discipline concerned with the measurement 
of the physical characteristics of humans

Biomechanists are mainly interested in the 
inertial properties of the body and its segments

– May need segment lengths, circumferences, etc.
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Disclaimer

This lecture is NOT meant to be a detailed 
account of the study of anthropometry or 
body segment parameters

– Described elsewhere (Contini 1972, Drillis, 
Contini, and Bluestein 1964, Nigg and 
Herzog 1994, Zatsiorsky 2002)

The purpose of this lecture is to present 
background material on determining inertial 
properties to use in your simulations
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Biomechanical Assumptions

• Body segments behave as rigid bodies during movement
– Ignores the fact that bones bend, blood flows, and muscles contract
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• Rigid body assumptions simplify a complex musculoskeletal system
– Eliminates the need to quantify mass distribution changes caused by 

tissue deformation and movement of bodily fluids
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Biomechanical Assumptions

• Body segments behave as rigid bodies during movement
– Ignores the fact that bones bend, blood flows, and muscles contract

• Single rigid body can be used to lump several body segments
– Ignores the fact that hands, feet, and torso have several joints

• Rigid body assumptions simplify a complex musculoskeletal system
– Eliminates the need to quantify mass distribution changes caused by 

tissue deformation and movement of bodily fluids
• Body segment mass distribution scales 

across “reasonable” sizes
– Allows individual’s inertial properties to 

be estimated based on averages from 
a sample population
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Cadaver Measurements

• Inertial properties are difficult to directly determine in living persons
• Scaling methods indirectly estimate inertial properties using non-

invasive measurements (i.e., body mass, height, and segment lengths)
• Earliest attempts

– Harless (1860)
• Estimated mass (scales), center of mass (balance 

plate), and volume (principle of Archimedes)
• 2 executed (beheaded) criminals separated into 

18 segments
– Braune and Fischer (1889)

• Estimated mass, center of mass (hanging from 3 
different axes), and volume

• 3 dead German soldiers separated at joints
– Fischer (1906)

• Estimated moment of inertia (?)
• 2 additional cadavers
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Cadaver Measurements

Landmark work (currently in use) created by the U.S. Air Force in 
Space Requirements of the Seated Operator (Dempster 1955)

– Outlined procedures for measuring inertial 
properties of 8 cadavers (mean age = 69)

– Recorded segment lengths, masses, and 
volumes

– Calculated segment centers of mass 
(balancing technique)

– Calculated segment moment of inertia 
(pendulum technique)
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Cadaver Measurements

Landmark work (currently in use) created by the U.S. Air Force in 
Space Requirements of the Seated Operator (Dempster 1955)

– Included tables for proportionally determining inertial properties
• Segment masses as proportions of the total body mass
• Centers of mass and radii of gyration as proportions of segment lengths
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Cadaver Measurements

Many studies have been conducted since Dempster’s 1955 work 
(2 are noteworthy because they defined segments using palpable bony landmarks)

– Clauser, McConville, and 
Young (1969)

• Measured mass, center of 
mass, and volume

• 13 male cadavers dissected 
into 14 segments
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Cadaver Measurements

Many studies have been conducted since Dempster’s 1955 work 
(2 are noteworthy because they defined segments using palpable bony landmarks)

– Clauser, McConville, and 
Young (1969)

• Measured mass, center of 
mass, and volume

• 13 male cadavers dissected 
into 14 segments

– Chandler et al. (1975)
• Measured mass, center of 

mass, principal moments of 
inertia, and volume

• 6 male cadavers dissected 
into 14 segments
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Cadaver Measurements

Subsequent studies expanded on methods of Chandler et al.
– Hinrichs (1985)

• Applied regression equations to the moments of inertia
– Vaughan, Davis, and O’Connor (1992)

• Created regression equations that included anthropometrics such as calf 
and mid-thigh circumference
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Shape Estimates

Determine inertial properties from a 3D geometric model using 
uniform density cylinders, ellipsoids, etc.

– Hanavan (1964)
• Modeled most segments as frusta 
• Modeled hands as spheres, head as an 

ellipsoid, and trunk as 2 elliptical cylinders
• Computed moments of inertia using additional 

anthropometric measures such as mid-thigh 
circumference, malleolus height, knee 
diameter, and biacromial breadth
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Shape Estimates

Determine inertial properties from a 3D geometric model using 
uniform density cylinders, ellipsoids, etc.

– Hanavan (1964)
• Modeled most segments as frusta 
• Modeled hands as spheres, head as an 

ellipsoid, and trunk as 2 elliptical cylinders
• Computed moments of inertia using additional 

anthropometric measures such as mid-thigh 
circumference, malleolus height, knee 
diameter, and biacromial breadth

– Hatze (1980)
• Enhanced Hanavan’s method to include more 

segments and direct measurements
• Used 242 measures to define a 42-DOF, 17-

segment model of the body
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Kinematic Measurements

Determine inertial properties from in vivo kinematic characteristics
– Hatze (1975)

• Estimated center of mass and 
moment of inertia using an 
oscillation technique
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Kinematic Measurements

Determine inertial properties from in vivo kinematic characteristics
– Hatze (1975)

• Estimated center of mass and 
moment of inertia using an 
oscillation technique

– Drillis, Contini, and Bluestein 
(1964)

• Estimated inertial properties 
using the quick-release 
method
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Imaging and Meshing Techniques

Determine inertial properties from imaging with radiation
– Zatsiorsky and Seluyanov (1983)

• Computed mass distribution by quantifying the density of incremental slices 
of each segment obtained with gamma mass scanning techniques

• 100 male and 15 female living subjects (included young subjects)
• Applied regression equations to customize inertial properties

– Durkin and Dowling (2003) & Durkin, Dowling, and Andrews (2002)
• Used dual energy x-ray 

absorptiometry (DEXA) to 
measure density and 
geometry

• 25 males and 25 females (19-
30 yrs), 25 males and 25 
females (55+ yrs)

• Developed regression 
equations for upper and lower 
extremity segments
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Imaging and Meshing Techniques

Determine inertial properties from imaging without radiation
– Jensen (1978)

• Combined shapes and photos 
to find principal axes of 
ellipses that matched front and 
side view images of subjects

• 3 boys of different body types 
(thin, average, and fat)

– Mungiole and Martin (1990)
• Estimated inertial properties 

from MRI data
– Transverse slices 2.5 cm 

apart along longitudinal axis
– Manually segmented into 

bone, muscle, and fat 
– Used the densities reported 

by Clauser et al. 1969
• 12 adult male distance runners
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2D Example
mass

Use the proportions in Dempster (1955) to calculate the thigh mass for 
a 90.0 kg person.

Dempster’s Inertial Properties

KdistalKproximalKcmRdistalRproximalP

0.6530.5400.3230.5670.4330.100Hip to knee centerThigh

Radius of gyration/
segment length

Center of mass/
segment length

Segmental
mass/

total mass
Endpoints

(proximal to distal)Segment

totalthighthigh mPm =
90.00.100×=thighm

kg 9.00=thighm
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2D Example
center of mass

Use the proportions in Dempster (1955) to calculate the thigh center of 
mass given the thigh length is 0.463 m.

KneeHip
0.433 0.567

Dempster’s Inertial Properties

KdistalKproximalKcmRdistalRproximalP

0.6530.5400.3230.5670.4330.100Hip to knee centerThigh

Radius of gyration/
segment length

Center of mass/
segment length

Segmental
mass/

total mass
Endpoints

(proximal to distal)Segment

thighthighproximalthigh lRr )(=
0.4630.433×=thighr

m 0.201=thighr
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2D Example
moment of inertia

Use the proportions in Dempster (1955) to calculate the thigh moment 
of inertia (Izz) about its center of mass for a 90.0 kg person given the 
thigh length is 0.463 m.

Dempster’s Inertial Properties

KdistalKproximalKcmRdistalRproximalP

0.6530.5400.3230.5670.4330.100Hip to knee centerThigh

Radius of gyration/
segment length

Center of mass/
segment length

Segmental
mass/

total mass
Endpoints

(proximal to distal)Segment

2// )( pthigh
zzthigh

pthigh
zz kmI =

pring
zz

pthigh
zz II // =

ringthigh mm = pthigh
zzring kr /=y

x

p p

z rring
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2D Example
moment of inertia

Use the proportions in Dempster (1955) to calculate the thigh moment 
of inertia about its center of mass for a 90.0 kg person given the thigh 
length is 0.463 m.

Dempster’s Inertial Properties

KdistalKproximalKcmRdistalRproximalP

0.6530.5400.3230.5670.4330.100Hip to knee centerThigh

Radius of gyration/
segment length

Center of mass/
segment length

Segmental
mass/

total mass
Endpoints

(proximal to distal)Segment

2// )( cmthigh
zzthigh

cmthigh
zz kmI =

20.14959.00×=cmthigh
zzI /

2mkg 0.201 ⋅=cmthigh
zzI /

thighthighcm
cmthigh

zz lKk )(
/ =

0.4630.323×=cmthigh
zzk /

m 0.1495=cmthigh
zzk /
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3D Example
mass

1.02312.760.1032 2 −+= )(  thighthightotalthigh clmm

1.0230.4450.46312.7690.00.1032 2 −××+×= )()(thighm
kg 9.44=thighm

Use the regression equations in Vaughan, Davis, and O’Connor (1992) 
to calculate the thigh mass for a 90.0 kg person given the thigh length 
is 0.463 m and mid-thigh circumference is 0.445 m.
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0.4450.46390.09.44Vaughan et 
al. (1992)

9.00

-

lthigh

90.0

mtotal

9.00

mthigh

Dempster
(1955)

Study

-

cthigh

3D Example
mass

9.00

-90.09.00Dempster
(1955) -

↓85.8 ↓0.291 ↓0.353

= 85.8 kg

= 0.291 m

= 0.353 m

1.02312.760.1032 2 −+= )(  thighthightotalthigh clmm

0.103212.761.023 2 /])([  thighthighthightotal clmm −+=

])(/[)(   212.760.10321.023 thightotalthighthigh cmml −+=

0.512.760.10321.023 )]/()[(   thightotalthighthigh lmmc −+=
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3D Example
center of mass

Use the proportions in Vaughan, Davis, and O’Connor (1992) to 
calculate the thigh center of mass given the thigh length is 0.463 m.

R. Hip

R. Knee

0.39

0.61

thighthighproximalthigh lRr )(=
0.4630.390×=thighr

m 0.181=thighr

Yint/ext

Xabd/add
Zflx/ext
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0.4630.3900.181Vaughan et 
al. (1992)

0.201

0.433

Rproximal(thigh)

0.201

rthigh

Dempster
(1955)

Study

0.463

lthigh

3D Example
center of mass

0.4330.201Dempster
(1955) 0.463

0.201 ↑0.433 ↑0.515

= 0.433

= 0.515 m

thighthighproximalthigh lRr )(=

thighthighthighproximal lrR /)( =

)(/ thighproximalthighthigh Rrl =



Copyright © 2007 Jeff Reinbolt

3D Example
moment of inertia

Use the regression equations in Vaughan, Davis, and O’Connor (1992) to 
calculate the thigh moments of inertia about its center of mass for a 90.0 
kg person given the thigh length is 0.463 m and mid-thigh circumference is 
0.445 m.

0.011530.0760.00762 2 ++= ])()[( 2/
thighthightotal

cmthigh
zz clmI

0.011530.4450.0760.46390.00.00762 22 +×+××= )( /cmthigh
zzI

2mkg 0.169 ⋅=cmthigh
zzI /
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3D Example
moment of inertia

0.201

0.4450.46390.00.169Vaughan et 
al. (1992)

0.463

Lthigh

90.0

Mtotal

0.201

Iflex(cm(thigh))

Dempster
(1955)

Study

-

Cthigh

0.46390.00.201Dempster
(1955) -

0.201 ↑108 ↑0.511 ↑0.903

= 108 kg

= 0.511 m

= 0.903 m

0.011530.0760.00762 22 ++= ])()[( /
thighthightotal

cmthigh
zz clmI

]})()[()/{( / 22 0.0760.007620.01153 thighthigh
cmthigh

zztotal clIm +−=

0.520.076 0.07620.01153 ])())/([( /
thightotal

cmthigh
zzthigh cmIl −−=

0.52 0.076 0.07620.01153 }/])())/({[( /
thightotal

cmthigh
zzthigh lmIc −−=
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3D Example
moment of inertia

Use the regression equations in Vaughan, Davis, and O’Connor (1992) to 
calculate the thigh moments of inertia about its center of mass for a 90.0 
kg person given the thigh length is 0.463 m and mid-thigh circumference is 
0.445 m.

0.011530.0760.00762 2 ++= ])()[( 2/
thighthightotal

cmthigh
zz clmI

0.011530.4450.0760.46390.00.00762 22 +×+××= )( /cmthigh
zzI

2mkg 0.169 ⋅=cmthigh
zzI /

0.011860.0760.00726 22 ++= ])()[( /
thighthightotal

cmthigh
xx clmI

0.011860.4450.0760.46390.00.00726 22 +×+××= )( /cmthigh
xxI

2mkg 0.162 ⋅=cmthigh
xxI /

0.003050.00151 2 += )( /
thightotal

cmthigh
yy cmI

0.003050.44590.00.00151 2 +××=  /cmthigh
yyI

2mkg 0.030 ⋅=cmthigh
yyI /
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Summary

• Inertial properties appear often in 
equations of motion

• Rigid body assumptions simplify a 
complex musculoskeletal system

• Inertial properties can be scaled 
across certain body sizes

• Four categories of methods for 
determining inertial properties

cadavers shapes imagingkinematics

 Fr1 =  comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * (lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + 
mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * 
cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’ 

Fr2 =  g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + 
u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u4’ - (comA * mA * sin(q3) + 
mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’ 

Tr3 =  comB * lA * mB * sin(q4) * (u3^2 - (u3 + u4)^2) + mC * (lA * lB * sin(q4) * u3^2 + comC * lA * sin(q4 + q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - lA * lB * sin(q4) * (u3 + u4)^2 - comC * lB * sin(q5) * (u3 + 
u4 + u5)^2 - comC * lA * sin(q4 + q5) * (u3 + u4 + u5)^2) + (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u5’ + (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * 
cos(q4) + 2 * comC * lB * cos(q5) + comC * lA * cos(q4 + q5))) * u4’ + (iA + iB + iC + mA * comA^2 + mB * (comB^2 + lA^2 + 2 * comB * lA * cos(q4)) + mC * (comC^2 + lA^2 + lB^2 + 2 * comC * lB * cos(q5) + 
2 * lA * lB * cos(q4) + 2 * comC * lA * cos(q4 + q5))) * u3’ + (lA * cos(q3) + lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + 
u4)^2) + mC * (lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + 
q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * 
u3’) + (lA * sin(q3) + lB * sin(q3 + q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + 
u4)^2) - mC * (lA * cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + 
comC * sin(q3 + q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) - T3 - comA * g * mA * sin(q3) - g * 
mB * (lA * sin(q3) + comB * sin(q3 + q4)) - g * mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5)) - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * 
sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u2’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u1’ 

T5 =  T3 + comA * g * mA * sin(q3) + g * mB * (lA * sin(q3) + comB * sin(q3 + q4)) + g * mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5)) + comC * mC * (lA * sin(q4 + q5) * u3^2 + lB * sin(q5) * (u3 + 
u4)^2) + (iC + mC * comC^2) * u5’ + (iC + comC * mC * (comC + lB * cos(q5))) * u4’ + (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u3’ + (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * 
sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u2’ + (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * 
cos(q3 + q4 + q5))) * u1’ + lC * cos(q3 + q4 + q5) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * (lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + 
comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - 
(comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) + lC * sin(q3 + q4 + q5) * (g * mA + g * mB + g * mC + (mA + mB 
+ mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + 
u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + 
mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) - comC * g * mC * sin(q3 + q4 + q5) - comB * lA * mB * sin(q4) * (u3^2 - (u3 + u4)^2) - mC * (lA * lB * sin(q4) * u3^2 + comC * lA * sin(q4 
+ q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - lA * lB * sin(q4) * (u3 + u4)^2 - comC * lB * sin(q5) * (u3 + u4 + u5)^2 - comC * lA * sin(q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u2’ - 
comC * mC * cos(q3 + q4 + q5) * u1’ - (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u5’ - (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * cos(q4) + 2 * comC * 
lB * cos(q5) + comC * lA * cos(q4 + q5))) * u4’ - (iA + iB + iC + mA * comA^2 + mB * (comB^2 + lA^2 + 2 * comB * lA * cos(q4)) + mC * (comC^2 + lA^2 + lB^2 + 2 * comC * lB * cos(q5) + 2 * lA * lB * cos(q4) + 
2 * comC * lA * cos(q4 + q5))) * u3’ - (lA * cos(q3) + lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * (lA * 
sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * 
cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) - (lA * sin(q3) + 
lB * sin(q3 + q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * 
cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + 
q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) 

T4 =  T3 + comA * g * mA * sin(q3) + g * mB * (lA * sin(q3) + comB * sin(q3 + q4)) + g * mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5)) + comB * lA * mB * sin(q4) * u3^2 + mC * (lA * lB * sin(q4) * 
u3^2 + comC * lA * sin(q4 + q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - comC * lB * sin(q5) * (u3 + u4 + u5)^2) + (iC + comC * mC * (comC + lB * cos(q5))) * u5’ + (iB + iC + mB * comB^2 + mC * (comC^2 
+ lB^2 + 2 * comC * lB * cos(q5))) * u4’ + (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u2’ + (comA * mA * cos(q3) + 
mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u1’ + (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * cos(q4) 
+ 2 * comC * lB * cos(q5) + comC * lA * cos(q4 + q5))) * u3’ + (lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * 
(lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * 
cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) + (lB * sin(q3 + 
q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * cos(q3) * u3^2 
+ lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u4’ - 
(comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) - comB * g * mB * sin(q3 + q4) - g * mC * (lB * sin(q3 + q4) + comC * 
sin(q3 + q4 + q5)) - comB * lA * mB * sin(q4) * (u3^2 - (u3 + u4)^2) - mC * (lA * lB * sin(q4) * u3^2 + comC * lA * sin(q4 + q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - lA * lB * sin(q4) * (u3 + u4)^2 - comC * 
lB * sin(q5) * (u3 + u4 + u5)^2 - comC * lA * sin(q4 + q5) * (u3 + u4 + u5)^2) - (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * 
sin(q3 + q4 + q5))) * u2’ - (comB * mB * cos(q3 + q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u1’ - (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * cos(q4) + 2 
* comC * lB * cos(q5) + comC * lA * cos(q4 + q5))) * u4’ - (iA + iB + iC + mA * comA^2 + mB * (comB^2 + lA^2 + 2 * comB * lA * cos(q4)) + mC * (comC^2 + lA^2 + lB^2 + 2 * comC * lB * cos(q5) + 2 * lA * lB * 
cos(q4) + 2 * comC * lA * cos(q4 + q5))) * u3’ - (lA * cos(q3) + lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * 
(lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * 
cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) - (lA * sin(q3) + 
lB * sin(q3 + q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * 
cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + 
q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) 
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Should We Care?

• Accurate inertial properties are desirable

But…
• Errors in inertial properties may have little effect on kinetic 

measurements (e.g., joint moments or powers)
– Especially when the body is in contact with the environment
– The relative magnitudes of inertial forces (-ma) and especially moments 

(-Iα) are small compared with the moments caused by ground reactions

Why Do
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 Fr1 =  comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * (lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + 
mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * 
cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’ 

 
Fr2 =  g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + 

u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u4’ - (comA * mA * sin(q3) + 
mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’ 

 
Tr3 =  comB * lA * mB * sin(q4) * (u3^2 - (u3 + u4)^2) + mC * (lA * lB * sin(q4) * u3^2 + comC * lA * sin(q4 + q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - lA * lB * sin(q4) * (u3 + u4)^2 - comC * lB * sin(q5) * (u3 + 

u4 + u5)^2 - comC * lA * sin(q4 + q5) * (u3 + u4 + u5)^2) + (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u5’ + (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * 
cos(q4) + 2 * comC * lB * cos(q5) + comC * lA * cos(q4 + q5))) * u4’ + (iA + iB + iC + mA * comA^2 + mB * (comB^2 + lA^2 + 2 * comB * lA * cos(q4)) + mC * (comC^2 + lA^2 + lB^2 + 2 * comC * lB * cos(q5) + 
2 * lA * lB * cos(q4) + 2 * comC * lA * cos(q4 + q5))) * u3’ + (lA * cos(q3) + lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + 
u4)^2) + mC * (lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + 
q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * 
u3’) + (lA * sin(q3) + lB * sin(q3 + q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + 
u4)^2) - mC * (lA * cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + 
comC * sin(q3 + q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) - T3 - comA * g * mA * sin(q3) - g * 
mB * (lA * sin(q3) + comB * sin(q3 + q4)) - g * mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5)) - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * 
sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u2’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u1’ 

 
T5 =  T3 + comA * g * mA * sin(q3) + g * mB * (lA * sin(q3) + comB * sin(q3 + q4)) + g * mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5)) + comC * mC * (lA * sin(q4 + q5) * u3^2 + lB * sin(q5) * (u3 + 

u4)^2) + (iC + mC * comC^2) * u5’ + (iC + comC * mC * (comC + lB * cos(q5))) * u4’ + (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u3’ + (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * 
sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u2’ + (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * 
cos(q3 + q4 + q5))) * u1’ + lC * cos(q3 + q4 + q5) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * (lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + 
comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - 
(comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) + lC * sin(q3 + q4 + q5) * (g * mA + g * mB + g * mC + (mA + mB 
+ mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + 
u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + 
mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) - comC * g * mC * sin(q3 + q4 + q5) - comB * lA * mB * sin(q4) * (u3^2 - (u3 + u4)^2) - mC * (lA * lB * sin(q4) * u3^2 + comC * lA * sin(q4 
+ q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - lA * lB * sin(q4) * (u3 + u4)^2 - comC * lB * sin(q5) * (u3 + u4 + u5)^2 - comC * lA * sin(q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u2’ - 
comC * mC * cos(q3 + q4 + q5) * u1’ - (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u5’ - (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * cos(q4) + 2 * comC * 
lB * cos(q5) + comC * lA * cos(q4 + q5))) * u4’ - (iA + iB + iC + mA * comA^2 + mB * (comB^2 + lA^2 + 2 * comB * lA * cos(q4)) + mC * (comC^2 + lA^2 + lB^2 + 2 * comC * lB * cos(q5) + 2 * lA * lB * cos(q4) + 
2 * comC * lA * cos(q4 + q5))) * u3’ - (lA * cos(q3) + lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * (lA * 
sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * 
cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) - (lA * sin(q3) + 
lB * sin(q3 + q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * 
cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + 
q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) 

 
T4 =  T3 + comA * g * mA * sin(q3) + g * mB * (lA * sin(q3) + comB * sin(q3 + q4)) + g * mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5)) + comB * lA * mB * sin(q4) * u3^2 + mC * (lA * lB * sin(q4) * 

u3^2 + comC * lA * sin(q4 + q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - comC * lB * sin(q5) * (u3 + u4 + u5)^2) + (iC + comC * mC * (comC + lB * cos(q5))) * u5’ + (iB + iC + mB * comB^2 + mC * (comC^2 
+ lB^2 + 2 * comC * lB * cos(q5))) * u4’ + (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u2’ + (comA * mA * cos(q3) + 
mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u1’ + (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * cos(q4) 
+ 2 * comC * lB * cos(q5) + comC * lA * cos(q4 + q5))) * u3’ + (lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * 
(lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * 
cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) + (lB * sin(q3 + 
q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * cos(q3) * u3^2 
+ lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u4’ - 
(comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) - comB * g * mB * sin(q3 + q4) - g * mC * (lB * sin(q3 + q4) + comC * 
sin(q3 + q4 + q5)) - comB * lA * mB * sin(q4) * (u3^2 - (u3 + u4)^2) - mC * (lA * lB * sin(q4) * u3^2 + comC * lA * sin(q4 + q5) * u3^2 + comC * lB * sin(q5) * (u3 + u4)^2 - lA * lB * sin(q4) * (u3 + u4)^2 - comC * 
lB * sin(q5) * (u3 + u4 + u5)^2 - comC * lA * sin(q4 + q5) * (u3 + u4 + u5)^2) - (iC + comC * mC * (comC + lB * cos(q5) + lA * cos(q4 + q5))) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * 
sin(q3 + q4 + q5))) * u2’ - (comB * mB * cos(q3 + q4) + mC * (lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u1’ - (iB + iC + comB * mB * (comB + lA * cos(q4)) + mC * (comC^2 + lB^2 + lA * lB * cos(q4) + 2 
* comC * lB * cos(q5) + comC * lA * cos(q4 + q5))) * u4’ - (iA + iB + iC + mA * comA^2 + mB * (comB^2 + lA^2 + 2 * comB * lA * cos(q4)) + mC * (comC^2 + lA^2 + lB^2 + 2 * comC * lB * cos(q5) + 2 * lA * lB * 
cos(q4) + 2 * comC * lA * cos(q4 + q5))) * u3’ - (lA * cos(q3) + lB * cos(q3 + q4) + lC * cos(q3 + q4 + q5)) * (comA * mA * sin(q3) * u3^2 + mB * (lA * sin(q3) * u3^2 + comB * sin(q3 + q4) * (u3 + u4)^2) + mC * 
(lA * sin(q3) * u3^2 + lB * sin(q3 + q4) * (u3 + u4)^2 + comC * sin(q3 + q4 + q5) * (u3 + u4 + u5)^2) + (mA + mB + mC) * u1’ - F1 - comC * mC * cos(q3 + q4 + q5) * u5’ - (comB * mB * cos(q3 + q4) + mC * (lB * 
cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u4’ - (comA * mA * cos(q3) + mB * (lA * cos(q3) + comB * cos(q3 + q4)) + mC * (lA * cos(q3) + lB * cos(q3 + q4) + comC * cos(q3 + q4 + q5))) * u3’) - (lA * sin(q3) + 
lB * sin(q3 + q4) + lC * sin(q3 + q4 + q5)) * (g * mA + g * mB + g * mC + (mA + mB + mC) * u2’ - F2 - comA * mA * cos(q3) * u3^2 - mB * (lA * cos(q3) * u3^2 + comB * cos(q3 + q4) * (u3 + u4)^2) - mC * (lA * 
cos(q3) * u3^2 + lB * cos(q3 + q4) * (u3 + u4)^2 + comC * cos(q3 + q4 + q5) * (u3 + u4 + u5)^2) - comC * mC * sin(q3 + q4 + q5) * u5’ - (comB * mB * sin(q3 + q4) + mC * (lB * sin(q3 + q4) + comC * sin(q3 + 
q4 + q5))) * u4’ - (comA * mA * sin(q3) + mB * (lA * sin(q3) + comB * sin(q3 + q4)) + mC * (lA * sin(q3) + lB * sin(q3 + q4) + comC * sin(q3 + q4 + q5))) * u3’) 
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