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FRET Efficiency Distributions of Multistate Single Molecules
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A simple analytic theory is developed to describe FRET efficiency histograms constructed from a photon
trajectory generated by a molecule with multiple conformational states. The histograms are approximated by
a sum of Gaussians with the parameters explicitly determined by the FRET efficiencies of the states and the
rates of the transitions between the states. The theory, which has been tested against exact histograms for two
conformational states and simulated data for three and four conformational states, accurately describes how
the peaks in the histograms collapse as the bin time or the transition rates increase.

I. Introduction

In the past decade, single-molecule fluorescence experiments
emerged as a powerful tool to study conformational dynamics
of biological molecules.!™!5 Forster resonance energy transfer
(FRET) between donor and acceptor fluorophores can be
exploited to probe fluctuations in the interdye distances between
~1 and 10 nm. The output of single-molecule FRET experi-
ments is a sequence of photons of different colors emitted by
the donor and acceptor fluorophores. Changes in intramolecular
distances modulate the observed pattern of photon colors.

The principal tool for analyzing such photon trajectories is a
FRET efficiency histogram. This is constructed by binning the
photons and calculating a FRET efficiency in each bin as the
fraction of acceptor photon counts. The shape of a histogram
potentially provides information about both the structure and
the dynamics of the molecule. However, with few notable excep-
tions,'3™1° FRET efficiency histograms have been primarily used
as a tool to resolve separate species. More extensive application
of these histograms has been impeded by the lack of a simple
analytic theory. An exact expression for the FRET efficiency
histograms does exist for a two-state molecule.?°">2 However,
even in this case, it is extremely complicated (involving integrals
over Bessel functions), and it is unlikely that it can be
generalized to the molecules with more than two states.

In this paper, we derive an accurate approximate analytic
expression for the FRET efficiency histogram of a molecule
that has multiple conformational states. It is assumed that the
distribution of the donor and acceptor photons emitted by each
state is Poissonian, and the mean total number of photons is
the same for all states. The approximation is a sum of Gaussians,
each with a weight, mean, and variance that are not adjustable
but rather are explicit functions of the model parameters (the
rate constants and the apparent FRET efficiencies) and the bin
time. The basic idea of our approximation is to describe the
contribution of the bins that contain no transitions and those
that involve transitions between just two states by Gaussians
with the appropriate mean and variance. The contribution of
all other bins is described by a single Gaussian with parameters
chosen to ensure that the entire FRET efficiency histogram is
normalized and has the exact mean and variance for all bin
times.
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The above strategy is implemented in section II to derive
our multi-Gaussian approximation to FRET efficiency histo-
grams. In section III, this approximation is tested for two-, three-,
and four-state systems. In the last section, we discuss how the
Gaussian approximation can be used to analyze free diffusion
experiments in which the distribution of the total number of
photons is non-Poissonian.

II. Theory

Consider a sequence of photons divided into bins of duration
T. Each bin contains a different number of N, acceptor and Np
donor photons. FRET efficiency in a bin is defined as E = Na/
(Na + Np). This is a random quantity that fluctuates due to
shot noise and conformational dynamics on a time scale slower
than or comparable to the interphoton time. We are interested
in how the shape of the FRET efficiency histograms depends
on the rate of conformational changes and on the bin time. When
the bin time is short so that the interdye distance does not change
during the bin time, the histogram is a superposition of several
peaks, each broadened by shot noise. At long bin times, the
interdye distance is averaged out, and the peaks collapse into a
single peak. This collapse is a signature of conformational
dynamics.

In the absence of conformational dynamics, the interdye
distance is fixed, and the donor and acceptor photons are
uncorrelated and obey Poisson statistics. Poisson statistics is
characterized by the acceptor and donor count rates, n, and np,
which are the mean numbers of acceptor and donor photons
detected per unit time. The ratio of the acceptor count rate to
the total count rate is the apparent mean FRET efficiency,
denoted by € = na/(nn + np). The count rates and, therefore,
the apparent FRET efficiency are related to the interdye distance.
The precise relationship depends on the dye’s photophysics,
detection efficiencies, dynamics on the submicrosecond time
scale, etc.

When the interdye distance fluctuates, so do the photon count
rates. We describe these fluctuations by a kinetic scheme. The
molecule emitting photons has M conformational states. Each
state i is characterized by the apparent FRET efficiency ¢; =
nail(na; + np;). We assume that the total count rate n = ny; +
np; does not depend on conformation. The transitions between
the states are described by the rate matrix K. Its element Kj; is
the rate of the j — i transition. The diagonal elements are
negative, K;; = —2,; K. The equilibrium populations of states
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are found by solving Kp = 0, where p is the vector of
equilibrium populations with elements p;. These populations are
normalized, 2%, p; = 1. The detailed balance condition, Kip;
= K;p;, imposes a constraint on the transition rates.

The FRET efficiency distribution is simply related to the joint
probability, P(Na, Np), of detecting N acceptor and Ny, donor
photons in bin time 7. When the interdye distance does not
change, this distribution is a product of Poisson distributions
of acceptor and donor photons. When the interdye distance
fluctuates, the photon count rates are random functions of time.
In this case, the Poisson distribution is generalized to

(A DV (DN _ o
P(N,,Np) = N, N—D!e (atip)

ey

where fiap) = [ nam)y(t) dt/T, which are still random since they
depend on the conformational states visited during time 7. {***).
denotes an average over all conformational trajectories starting
from the equilibrium distribution.

Our approximation requires the first two moments of the
FRET efficiency, and we start by finding them. The mean of
the FRET efficiency is found by multiplying the above joint
distribution (with a proper normalization factor) by Na/(Na +
Np) and evaluating the sums over N and Np subject to Ny +
Np = Nr, where Nr is the threshold imposed on the total number
of detected acceptor and donor photons.?” When the total count
rate does not fluctuate, na(f) + np(t) = n, one can show that
the mean FRET efficiency is

(E) = (&) = (€)eq 2

where € = [§ e(r) di/T with &(r) = na(t)/n and (€)eq = ZH; ep;
is the equilibrium average of the FRET efficiency. The first
equality follows directly from the definition after evaluating the
sums over the numbers of photons. The second equality is
obtained by evaluating the average over the conformational
trajectories.

Analogously, the second moment can be expressed as

(B = @N D+ @)1 - 3)

where (N~} is the reciprocal of the total number of photons in
a bin averaged over the distribution of the total number of
photons, (N™') = [Zj=y, (n"T)Y/NN|/Z5-x,(nT)"/N!. Note that
(N~'y depends on both laser intensity (through the total count
rate, n) and the bin time, 7.

The average (£2). can be related to the autocorrelation function
of the apparent efficiency by?°

@ = 5 Jy T = ) €0),, a1

“)
_ % S =0 D el ep, i
)

where [exp(K?)]; is the ij element of the matrix exponential of
K. Simple analytic expressions for (%), can be found for two-
and three-state systems (see below). In general, it can be directly
obtained numerically using a program such as Mathematica.?®

With the two moments in hand, we can now derive the
approximation for FRET efficiency histograms. Let us divide
the bins that contribute to the FRET efficiency histogram into
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those that (1) have no transitions during the bin time, (2) have
transitions only between two states, and (3) have transitions
between three or more states. The contributions to the FRET
efficiency histogram made by bins of the first two types are
approximated by Gaussians labeled by index ij, i,j = 1, ..., M,
i =< j. The diagonal terms ii correspond to the bins with no
transitions during the bin time. The off-diagonal terms ij (i < j)
correspond to the bins with transitions only between states i
and j. Finally, the Gaussian labeled by the index O corresponds
to the remaining bins. Thus, the FRET efficiency histogram
(FEH) is approximated as

E — &,)?
FEH(E) = cy(270,”)"* exp| — &~ & 20) +
20,
M )
_ (E — &)
c;(2m0,7) " exp| - ——=
>.q om0 o

Let us first consider the parameters of the diagonal terms in
the sum. The iith Gaussian describes the contribution of those
bins in which the molecule is in state i during the entire bin
time. Its weight, ¢, is the fraction of such bins, which is the
probability to be in state i during the entire bin time, p; exp(K;T),
where the matrix element K;; = —Z,; K,,; is the negative of
the sum of all rates out of state i. The mean FRET efficiency
calculated from the subset of such bins is equal to the apparent
efficiency of the state, ¢;, and the second moment is {N"') +
(1 — (N1)) (see eq 3). Equating these with the moments of
the iith Gaussian (&; and &;> + 0;%), we have

c; = pieK""T (6a)
£; = & (6b)
or =gl — )N " (6¢)
fori = 1, ..., M. Note that ¢;? is the variance due solely to

shot noise.??

Now consider the off-diagonal terms. The ijth Gaussian
corresponds to the bins that have transitions only between states
i and j. Its weight, cy, is the fraction of such bins, which is
equal to the probability to be in states i and j during the bin
time (at least one transition between i and j must occur, but
none to any other state). To find these weights, let us first obtain
the probability, a;, to be in state i at time 7 starting from
equilibrium when only states i or j were visited during the bin
time. The subscript ij specifies the two states visited during the
bin time, with the first index being the state at time 7. These
probabilities satisfy the rate equations

d(ay\ _ KiiKij)(aij)
df(“ji) (K_/inj aj; @

subject to equilibrium initial conditions a;(0) = p;, a;;(0) = p;.
The diagonal elements Kj; (Kj;) are the negative of the sum of
all rates out of state i (j). They describe both the reversible
relaxation of states i and j due to mutual interconversion as
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well as the irreversible decay due to transitions to other states.
Solving eq 10 and using the detailed balance condition K;p; =
Kiipi’ we find that

a; = pe T P (cosh(AT) + A7'[(K,; — K;)/2 + K] sinh(AT))
®)

where 1 = ((K; — K4 + K;K;)"2. The sum of a; and a;
equals the fraction of bins in which the molecule visits only
states i or j, and thus, ¢; + ¢; + ¢; = a; + a;. This condition
determines the weights c;;.

The other two parameters of the off-diagonal Gaussians, &;
and o,»jz, are found from the requirement that the first two
moments of the FRET efficiency of the sum of the iith, jjth,
and ijth Gaussians are equal to those obtained from the bins
during which the molecule visits only states i or j. Using the
same procedure that we used previously when all bins were
considered (e.g., the way we obtained eqs 2 and 3), we now
find

i€ T cyEy T ocyey = (a; + aji)(é>

(9a)

ivj

cii(sz. + &

il ii,

) + ¢, + 07) + cle; + 03) =
(aij + aji)(@),»vj(]\]_l) + <(€'2>fvj(1 - <N—1>)) (9b)

where (€"),;, m = 1, 2, is the conditional average of the mth
power of € = [T &(f) d#/T over the subset of bins during which
the molecule visits only states i or j. Although these averages
can be found exactly, they can be well approximated by simpler
expressions. The first moment, (€);., is obtained from the mean
(&), for an isolated two-state system consisting of states i and j,
eppi + gpj, by replacing p; and p; with g; and gj;, where g; =
a,-j/(a,-j + aj,-) and qji = 1 - qij. Thus,

<é>ivj = &4 + €d;; (10)

It can be shown from eq 4 that the second moment, (€2)., for
the isolated two-state system is (ep; + &p,)* + ppie; — €)*(1
— ¢((K;; + K;)T)), where

d(r) =1 —2(t + exp(—7) — /T (11)
Replacing p; and p; with g; and g;;, we have
<52>ivj = <‘_’3>ivj2 + ql'jq]'i(ei - 8j)2(1 - ‘/’((Kij + K]z)T)) (12)

These approximations are especially good when the intercon-
version rates between i and j are much larger than other rates
involving these states, which is when the contribution of the
ijth Gaussian is the most significant.
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Substituting the above expressions for the conditional
averages into eqs 9 and solving these sequentially, we find
that the parameters of the off-diagonal Gaussians (i < j) are
given by

cp=a;ta;—c;—¢ (13a)
g, =&fy et (13b)
o/ = g1 — )N + 0,70 — N (13c)

a;a;p(Ky + Kp)T)
cilay + a;)

O = (& ~ &P{fufi ~ (13d)

where ¢(7) is given ineq 11 and f; = (a; — c;i)/c;; =1 — f;. In
deriving eqs 13, we used the identity (a; + a;;)(eiq; + €qi)* —
cig — cyef — cyeit = (& — &)X cfifi — (ay + @iquqp)-

Finally, the parameters for the zeroth Gaussian, cy, €y, and
0¢?, are found from the requirements that the entire distribution
is normalized and the first two moments are exact (i.e., equal
to those in eqs 2 and 3). In this way, we find that

ot ;=1 (14a)
i<j
Coy T D ey = (E)eq (14b)
i<j

cole + ) + Defle)l + ) =

i<j

(N + &)1 — (N (14c)

where (€)eq = =, &p; and (&%), is given in eq 4. These equations

are solved sequentially to find ¢y, o, and g’

The sum of Gaussians in eq 5 with the parameters in eqs 6,
13, and 14 describes the FRET efficiency histogram of a
molecule with M conformational states for arbitrary bin times.
At bin times short compared with the time between transitions,
only the diagonal terms contribute. At long bin times, all
Gaussians vanish except the zeroth Gaussian. The mean and
variance of FRET efficiency are exact at all times.

For two conformational states, there are only three Gaussians:
11, 22, and 12 (¢p = 0 for all T in this case). The diagonal
terms (i = 1, 2) are (see eq 6)

C” — p]e*Kle C22 = pzeiKlzT (153)
e = ¢ (15b)
o] = el — 8,-)<N71> (15¢)

where K, (K),) is the rate of 1 — 2 (2 — 1) transition, p; =
K»/(Ki; + K1) = 1 — p,. The coefficients that determine the
12 Gaussian are (see eq 13)
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cp=1=¢; —cp (16)
€= &/t &k (16D)
01" = el = eV ) + 0, " (1 = (V) (16¢)

PP
2

A((Ky, + Ky))T) (16d)

where ¢(7) is given in eq 16 and fi, = (p; — c1)lcn =1 — fo;.
This special case®* has been recently applied to extract transition
rates from experimental data on a two-state protein.'’

FRET efficiency histograms for three conformational states
with transitions among all states are described by seven
Gaussians. The parameters of the Gaussians can be found from
eqs 6, 13, and 14 using the formulas given in the Appendix.
Our theory has the important property that the Gaussian
approximation of the FRET efficiency histogram for a three-
state system reduces analytically to the appropriate two-state
approximation in all limiting cases when the three-state kinetic
scheme reduces to a two-state one (e.g., transitions between any
two states become sufficiently fast).

III. Illustrative Calculations

To test the approximation, we compare the distributions
calculated using the Gaussian approximation with those obtained
from the exact histograms for a two-state model*!??> and from
simulated photon trajectories for three- and four-state models.
Details of the simulations are described in ref 25.

Figure 1 shows results for two interconverting conformational
states, 1 == 2. The approximation is the sum of three Gaussians
with weights, means, and variances defined in eqs 15 and 16.
The left and right columns show the performance at equal (the
rates are K, = K = k) and unequal (2K, = Ky = k)
populations of the states. For the purposes of illustration, we
vary the rate of the transitions between the states, k, keeping
the total count rate and the bin size constant.

The shape of the histograms is sensitive to the product of
the bin time and conformational relaxation rate (which is 2k
and 3k/2 for the left and right columns, respectively). When
the bin time is short compared with the conformational
relaxation time (k7 < 1), the histogram is a sum of two peaks
centered on the efficiencies of the states (the first row). The
peaks are broadened only by shot noise. The shot noise width
depends on the total number of photons detected during the bin
time through (N~'). As the relaxation rate increases, these peaks
do not move, but their amplitude drops, and a new peak (located
at approximately the mean FRET efficiency) appears. At large
kT (the bottom row), only this peak survives, which is broadened
by shot noise and conformational dynamics. The approximation
is very accurate at small and large k7. The deviation from the
exact histograms is most noticeable when the amplitudes of the
three Gaussians are comparable.

If k is fixed at k = 1 ms™! and the bin size T is varied, the
resulting histograms look similar (of course, identical for 7= 1
ms) to those shown in Figure 1, with k being replaced by T.
However, the peaks are slightly wider for 7 < 1 ms and narrower
for 7> 1 ms because of the different average number of photons
in a bin.

Figure 2 compares the Gaussian approximation and simulated
histograms for a linear three-state model, 1 == 2 = 3, with equal
equilibrium populations. The approximation consists of six Gaus-
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Figure 1. The Gaussian approximation (full curves) tested against exact
FRET efficiency histograms (bars) for two conformational states with
FRET efficiencies &, = 0.4 and & = 0.8 and different values of the
transition rate given in the upper left corner of each histogram. Left
column: the equilibrium probabilities of the two states are the same.
Right column: the probabilities differ by a factor of 2. The total count
rate is n = 50 ms~', the bin time is 7 = 1 ms, threshold value is Ny =
30, histogram step is 7 = 1/41. The Gaussian approximation, eq 5,
consists of three Gaussians with parameters in eqs 15 and 16.

sians (there are no transitions between states 1 and 3 so that ¢;3 =
0). The parameters of the Gaussians are explicit functions of the
efficiencies of the three states (e;, &, and &;) and the rate k (see
egs 6, 13, and 14, and Appendix). In the first column, the transitions
rates are the same. It can be seen that the collapse of the three
peaks into one as the transition rate increases is well described. In
the second column, the transitions between states occur on different
time scales, that is, the transitions between states 1 and 2 are much
faster than those between 2 and 3. The histogram has three well
resolved peaks when the bin time is much shorter than the
relaxation time of the fast transitions between states 1 and 2 (the
first row). As the transition rate increases, the first and second peaks
collapse (the diagonal 11th and 22th Gaussians disappear and the
12th Gaussian appears). The remaining two peaks eventually
collapse to a single peak when the bin time becomes longer than
the relaxation time of states 2 and 3.

Figure 3 shows the results for a linear four-state model, 1 == 2
=3 =4, when the transitions occur on three different time scales.
The approximation, which consists of eight Gaussians, describes
the shape of the histograms remarkably well, except in the right
column when k = 25 ms™'. In this case, which was specifically
chosen because it is the most demanding for our approximation,
most bins involve transitions among states 1, 2, and 3, or no
transitions at all (i.e., the system stays in state 4 during the entire
bin time). There are very few bins in which all the four states are
visited. Our theory does not properly describe contributions from
bins when more that two, but not all, states are visited during the
bin time. Note that this problem does not arise for the kinetic
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Figure 2. The Gaussian approximation (full curves) tested against
simulated FRET efficiency histograms (bars) for a three-state model
with FRET efficiencies ¢, = 0.3, &, = 0.5, &3 = 0.8 and different values
of the transition rate given in the upper left corner of each histogram.
Left column: equal transition rates. Right column: the transitions
between states 1 and 2 are faster than those between 2 and 3. The
simulated histograms were obtained from 5000 bins of duration 7= 1
ms, the total count rate is # = 100 ms™!, and the other parameters are
the same as in Figure 1.

scheme in the left column. Here, when k = 25 ms™!, most bins

have transitions between a pair of states (i.e., 1 and 2 or 3 and 4)
and this is correctly handled by the theory. Thus, for a large number
of states, even though it is always correct at short and long times,
our approximation can deteriorate when transitions occur on many
different time scales.

IV. Concluding Remarks

We have derived a simple expression for FRET efficiency
histograms obtained in single-molecule measurements. For M
interconverting conformational states, the FRET efficiency
histogram is approximated by a sum of Gaussians (three for a
two-state, seven for a general three-state system, etc.). The
weights, means and variances of the Gaussians are not adjustable
parameters, but are given by eqs 6, 13, and 14, in terms of the
FRET efficiencies of the states and the transition rates. The
variances of the Gaussians also involve the average of the
reciprocal of the sum of donor and acceptor photons, (N~').
This depends on the laser intensity (through the total count rate),
bin size, and threshold value and can be obtained directly from
the experimental data.

The Gaussian approximation can be readily used to analyze
experimental histograms and extract the rates of conformational
changes and the FRET efficiencies of the conformers. The
efficiencies can be then related to the interdye distances after
correcting for crosstalk, background noise, and fast polymer
dynamics.*** Such complications do not influence the rates. The
shape of FRET efficiency histograms is sensitive to the product of
the bin time 7" and the conformational relaxation rates (i.e., the
eigenvalues of the rate matrix), especially when one of these

J. Phys. Chem. B, Vol. 114, No. 46, 2010 15225

k k25  k/5
1==2 >34
) k  k/2s k/s .
3 3
2 2
1 1
04 0.
4 0.2 0.4 0.6 0.8 1.0 4
3 3
2 2
1 1
ol oL AL
0.2 04 0.6 0.8 1.0
4 4
5.
= 2 2 N
g 1 WWMM
o o 0
[e] 0.2 04 0.6 0.8 1.0
E. 4 4
3 425.
2 2 ’/—:'
1 LA s
0 o
0.2 0.4 0.6 0.8 1.0
4 4
3 3/ 100.
2 2 [}
; A
0 0
0.2 04 0.6 0.8 1.0
4 4 -
s 4200, AR
2 2 [/
1 A
0 0.2 0.4 0.6 0.8 1.0 0 0.2 04 0.6 0.8 1.0
efficiency

Figure 3. Same as Figure 2, for four conformational states with FRET
efficiencies &, = 0.2, &, = 0.4, &3 = 0.6, &, = 0.8 and transitions between
the states on three different time scales. Left column: the fastest transitions
are those between states 1 and 2, and the slowest are between states 2 and
3. Right column: the slowest transitions are between states 3 and 4.

products is close to unity. To show the effect of conformational
dynamics on the shape of the histogram, one can change the bin
size (by simply rebinning the photon trajectory). Alternatively, one
can change the conformational relaxation rate (e.g., by adding
denaturant when studying protein folding). Chung et al.'® have
recently applied the three-Gaussian approximation with parameters
given by eqs 15 and 16 to two-state protein folding and compared
the extracted rates and apparent FRET efficiencies with those
obtained by a likelihood method that does not require binning.®

Our derivation assumes that the total count rate is the same
for all conformational states and that the distribution of the sum
of acceptor and donor photons is Poissonian. When only the
energy transfer rate depends on the conformation, this is
equivalent to the requirement that the y-factor (which is the
product of the ratios of the acceptor and donor quantum yields
and detection efficiencies) is equal to one.?® For arbitrary total
count rates, the extension of the Gaussian approximation is a
challenging problem that we are trying to solve.

In free diffusion experiments, even when the total count rate
does not depend on conformation, it fluctuates because laser
intensity changes as the molecule diffuses through the confocal
volume. Nevertheless, our results can be applied to diffusing
molecules when the bins or bursts are preselected to optimize the
probability that the molecule is quasi-immobilized; that is, during
the observation time, it explored only a limited region of the
observation volume where the intensity did not change signifi-
cantly.”? The parameters of the Gaussians in the case of free
diffusion are still given by egs 6, 13, and 14, but now (N~'} is the
reciprocal of the sum of acceptor and donor photons averaged over
the experimentally observed non-Poissonian distribution. This
average can be obtained directly from the bins or bursts selected
to construct the FRET efficiency histograms. When a photon
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Figure 4. Kinetic scheme for three interconverting conformational
states.

trajectory is divided into time bins of the same duration, the
approximation should be used only in conjunction with high
threshold values which eliminate bins during which the molecule
leaves and then reenters the laser spot. In other words, the bins
selected for analysis should not contain significant gaps where only
a few photons are detected. When bursts of photons of variable
duration are selected using a burst search algorithm, the bursts
should be trimmed into segments of the same duration 7 in such
a way that intensity is fairly uniform. The best strategy for selecting
bins or bursts of photons during which the molecule is quasi-
immobilized still needs to be established. In this regard, the rates
obtained by fitting the histograms constructed from trajectory frag-
ments using different burst/bin selection criteria could be compared
with those obtained using an alternative procedure that we have
developed? that does not require the quasi-immobilization assumption.
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Appendix: Three-State System.

In this Appendix, we present the formulas for the quantities
that are required to calculate the 21 parameters of the 7
Gaussians (ij = 11, 22, 33, 12, 23,13, 0) for a three-state
system using eqs 6, 13, and 14. The rate matrix K for the three-
state kinetic scheme shown in Figure 4 is

K, Ky, K —(ky + k- k_, k3
Ky Ky Ky | = ky —(ky t k) k3
Ky K3 Ki k_y k, —(ky + k_3)

(Al)

Detailed balance imposes the constraint that k kyks = k—1k—ok—3.
The absolute values of the nonzero eigenvalues of this matrix are

K, = B2 £ \B*/4 — C (A2)

where

B = k+tk+k+k,+k,+k,
C = kk, + kky + kky + k_j(k, + k) +
k_o(ky + k_3) + k_5(ky + k_y)
(A3)

The normalized equilibrium populations are

Py = lkks + k y(ky + k_5))/C
Py = [kky + k 5k + k)))/C (A4)
p; = 1—=p —p
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By evaluating the matrix exponential in eq 4, it can be shown that
(&) is given by

&), = <5>eq2X + a1 = X0 + (e, — &)%kp, +
(& = &37%kop, F (85 = £))%kp3]  (AS)

where (¢")eq = L o&pn X = (- — kdp)lies — ko),
Y= (¢- — ¢p)(k+ — k=), and ¢+ = ¢(r.T), where ¢(7) is given in
eq 11. This is required to calculate oy’ using eq 14
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