JOURNAL OF CHEMICAL PHYSICS VOLUME 119, NUMBER 18 8 NOVEMBER 2003

Maximum likelihood trajectories from single molecule fluorescence
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Single molecule fluorescence resonance energy trafBRET) experiments are a powerful and
versatile tool for studying conformational motions of single biomolecules. However, the small
number of recorded photons typically limits the achieved time resolution. We develop a maximum
likelihood theory that uses the full information of the recorded photon arrival times to reconstruct
nanometer distance trajectories. In contrast to the conventional, intensity-based approach, our
maximum likelihood approach does not suffer from biasedpriori distance distributions.
Furthermore, by providing probability distributions for the distance, the theory also yields rigorous
error bounds. Applied to a burst of 230 photons obtained from a FRET dye pair site-specifically
linked to the neural fusion protein syntaxin-1a, the theory enables one to distinguish time-resolved
details of millisecond fluctuations from shot noise. From cross validation, an effective diffusion
coefficient is also determined from the FRET data. 2603 American Institute of Physics.
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I. INTRODUCTION In the conventional analysis, the required FRET intensi-

ties are computed from photon counts in time winddils
Fluorescence resonance energy tran$fRET) mea- (ot 4150 Ref. 14 For a typical window size of 1 ms, how-

surements allow one to determine the distance between tW&/er, the small number of only 10~50 photons per wintfow
dyes at a nanometer scal€.In a typical set-up(Fig. 1), implies considerable statistical uncertairtghot noise™®)
information on the structure of a biomolecule such as DNAyp thys [imits the time resolution fott). Furthermore, the
or a protein is obtained from a pair of FRET dyes, a donoropgice of the window size is somewhat arbitrary and only
and an acceptor, which are covalently attached at definegijeq by the requirement to trade off shot noise and time
positions to the biomolecule. After excitation of the donor, jeqq|ytion, Finally, the traditional method saliently assumes a
and depending on the distance and relative orientation b&itorm a priori probability for the FRETintensities(rather
tween the two dyes, energy is transferred to the acceptor by, for the distancesTherefore, and contrary to what one
the Faster mechams_rﬁ.Thgs_, by measuring donor and ac- g intuitively assume at first sight, the traditional method
ceptor fluorescence intensitidg, andl », the distance be-  4nnot be considered a model-free approach. Rather, because
tween the two dyes is obtained, usually via the distance depends nonlinearly on the intensities, EY,

the assumed uniform intensity distribution transforms into a

A — 1 (1) nonuniform distance distribution,
Ia+1p r\%’
1+ G r\S
o
wherer, is the dye-specific effective Fster radius, which p(r)= 572 2
also includes(averageyl dye orientation effect$.This ap- 1+ =
0

proach is valid if the relative dye rotations are faster than the
lifetime of the excited state of the donor, which is usually theThis distribution is centered at the Bter radius and has a
case. half width of aboutsr,, implying preferred distances near
Recently, time-resolved FRET experiments have mar: it describes the unjustified bias introduced by the con-
tured to a level that allows one to record arrival times ofventional analysis.
individual photons fromsingle molecules™* From the ar- In many cases where only limited or noisy data are avail-
rival times, fluorescence intensityariations Ip(t) and able, the maximum-likelihood approach has been success-
1a(t), are obtained™***which, using Eq(1), allow one to  fully applied!®~?2In this article, we develop a maximum-
track distance changest) between the two dyes, and hence likelihood theory to reconstruct(t) from the photons
to monitor conformational motions of the studied recorded in single molecule FRET measurements. In particu-
biomoleculet?*3 lar, we aim at calculating the time-dependent probability dis-
tribution P(r,t|{t> ,t*) for the distance during a measure-
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\ Y — c_:oefficientD. This is realistic, e.g., fpr the_overdamped mil-

lisecond opening and closure domain motions of the solvated
macromolecule at hand.The discretized version is a ran-
dom walk with transition probabilities

Protein

r(t)

} - 1 ox _(rj+1_rj)2
A 9i-1l VamD T 4D7

-
J acceptor dye Note that this implies that all possible distances are assigned
. . equala priori probabilities, which is reasonable if the energy
FIG. 1. Typical single molecule FRET experiment. A donor and an acceptgj d that the dist distributi . K
dye molecule are attached to a protein that exhibits conformational dyna an ScaF_’e a _Qove”_‘s e '_S ance distribution 1s unknown.
ics. By probing the interdye distance trajectarit), measurement of the If there is additional information on the energy landscape,
FRET efficiency provides time-resolved information on the dynamics of thethis can be incorporated ing]+1|j ina Smoluchowsky-type

(6)

studied proteirtarrows. generalization. Note also that two or three dimensional dif-
fusion of the dyes can be described in a similar manner by an
acceptor photons at timaé, i=1,..n,. Finally, we will appropriate effective energy landscape that accounts for the
extract an effective diffusion coefficient for the biomolecular Projection of the higher-dimensional diffusion onto the one-
motion from the FRET data. dimensional distance coordinat€t). Thus, P[rq,...,ry]
=I1}L,0;;;-1, and Eq.(3) reads
Il. THEORY N
D ;A
To that aim, in a first step we consider a statistical en- ~ PLF 1+ Mnl{t7 }]“fljﬂz 9jlj-1fj - @
semble of distance trajectorigs(t)}, and compute for each o .
full trajectory the conditional probabilityP[r (t)[{tP,t}] In a second step the probability distribution for ttis-

thatr(t) is realized for the given photon registration times.tance f at times (r;+ 7,)/2 is calculated by integration
Assuming Bayesian statistics, this probability is given by theover all other distances,

a priori probability P[r(t)] for each trajectory and the con-

ditional probabi]ity that then,+np p.hotons are observed at P(r{tP ,t{'\})ocj f dry--dr_drggq -

the measured time instances for given trajectory,

D ;A
PLr(OP 2] PLr (PP Y r (1], 3 dryPlra, it 6] ®
To evaluate these two distributions, the time interddl is ~ YSing Eq.(7) and rearranging integrals, one obtains
discretized intoN bins [7j_1,7;], j=1,...N, and subse- P(fk|{t-D.tiA})°<|—kfkRk (9)

quently N—ce is considered. The time discretization= 7;
—7-1=AT/N is always chosen fine enough such that notwith
more than one photon per interat;_,7;] is recorded.

For a discretized trajectory,,...,ry, wherer; is the Lk:f drk—19k|k—1fk—1f drkfz"'f drigyfi,
distance at time%(rj,lJr 7;), the conditional probability to

observe the recorded photon patt&mn,... Ey is (10
N Rk:f drk+1gk+1\kfk+1f d"k+2‘“f drngnin-1fn-
P[Ei,...EN|F1,...rn]=7""O| | £, 4 _ _ _
[Es nlrs n=7 11:[1 : @ The above two equations obey the recursion relations
where the probabilitie$; are chosen according to which of
the three possible evenks [donor-photon is recorde(D), Lk:J' dri-19uk-1fi-1bi-1,
acceptor-photon is recordg@), or no photon is recorded (12)

(0)] occurs during 71,71,

Ip(rj)[1—7la(rj)]  for D,

f={ IA(r)[1—7lp(r)]  for A, (5) which, in the continuum limit(i.e., 7—0, 7j—t, andry
! ) ) —T), transform into forward and backward Sclitger-type

[1=7lo(rpl[1—rla(ry)]  for O. equations that resemble generalized diffusion equations for
Here,IA(r;) andip(r;) are specified from Eq1), and the Ly—L(r,t) andR—R(r,t),
required (average total intensity lo=14(t) +1p(t)=(na L 2
+np)/AT is estimated from the recorded number of pho- &tL(r’t)_lm{&r[(lJrTFT(r’t))L(r’t)]
tons. Note that for thep +n, eventsD andA, the f; denote
probability densities which have to be scaled byto obtain +[FAr,t)+79,F (r,t)]L(r,1),
the desired probabilities, hence the prefactor in &4g.

For the a priori probability Plr(t)]
climy_. P[rq,...,fn], we assume that(t) results from a
one-dimensional diffusion process with effective diffusion +[FAr,t)+ 79, F (r,t) ]JR(r,t)} (12

R= f A 19+ 1kfer 1Re+ 1

AR(r,t)=—lim{a?[ (14 7F (r,t))R(r,1)]

7—0
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where, to ensure convergendg, has been written in the lim (t—t; )%h(t— t)ITZ
form f =1+ 7F (r,t). For the derivation of Eqg.12), the o0
recursion relations Eq$1l) have been expanded inup to
first order, using?, gk 1=Dd; __dik—1=Ddf Gig—1, and
partial integration irr, noting thatL(r,t) andR(r,t) as well

=1lim h(t—tj)+ lim 727 (t—t;)

7—0 7—0

as their derivatives with respect tovanish forr— =+ . =o(t—ty), (19
Solving Egs(12) yields, after normalization, the desired where the second term isd26(t— t;) and is dropped, be-
probability distribution to find the distanaeat timet, cause/ € _6"(x)dx=0. This gives rise to additive singulari-

ties in Egs.(17) of the form L(r,t)[(Ip(r)—1)]o(t—t;),
due to whichL(r,t) andR(r,t) exhibit discontinuities at all
By combining the three definitions fdr, Eq. (5), into one  tj,

expression using a Gaussian limit representation for the lim L(r,t)=Ip(r) lim L(r,t),

Ssfunction, §(t—t’)=Ilim__oh(t—t"), with H(t;a)+ H(t};),

P(r t){tP &)oL (r,t)[ 1+ 7F (r, 1) JR(r,1). (13

lim L(r,t)=1a(r) lim L(r,t),
t*?(tjA)-'— tﬁ(tf‘)_

im R(r,t)=Ip(r) lim R(r,t),
=) =)

lim R(r,t)=14(r) lim R(r,t).

t%(tJA)’ tﬂ(tJA)Jr

h(t—t")= , (14

1 _(t—’[ )
\/Erex 272

and neglecting higher orders &f one obtains

(20

FT<r,t>=[|D<r>—1]j§1 h(t—tP)

na Equations(18) and (20) are the main result of this article.
NIRGEEDD hT(t—tjA)—Io. (15)  Starting with the boundary conditiob(r,0)=1, Egs.(18)
=1 and (20), when alternatingly applied, propagat€r,t) in
With this expression, Eq¢12) reads time from one photon arr_ival to the nexf[. Similarly, _startir_lg
from R(r,AT)=1, R(r,t) is propagated in reverse time di-
dL(r,t) rection, which, by using Eq13), yields P(r,t|{tP ,t}) for
all timest. Note that, from Eqgs(20), the discontinuities in
L(r',t) L(r,t) and R(r,t) cancel in Eq. (13), such that
' P(r,t){tP ,t&}) is nondifferentiable, but continuous alsotat
5 :tJ .
X 1+ 7Ip(r') =112 h(t—tP)+ala(r")—1] lll. RESULTS AND DISCUSSION
=1 As an example, Figs.(B)—2(d) show the application of
our theory to the 230 photon arrival timésedge$ from a
+J' dr'g(r—r’,7)L(r’,t) 10 ms single molecule photon burst recorded in a FRET
measurement, for which donor and acceptor dyes have been
Ip(r')—1 IA(r)—1 covalently linked to the flexible domains of the neuronal
X E (t—t D)2h (t— t; Dy = fusion protein syntaxin-1¥, as sketched in Fig. 1. Three
7 7 different diffusion coefficient® have been chosen. Each of
na the three plots shows, gray-shaded, the time dependent dis-
x> (t—tf)zhr(t—tf)—lo“ . (16)  tance distributiorP(r t|{t”,t}), together with the average
j=1 distance(bold) and I intervals(dashed As expected from
Eq. (1), larger distances are obtained for higher donor and
lower acceptor photon intensities. For comparison, Fig) 2
shows the traditional method, which directly uses Eb.

= |im[ j dr’g(r—r’,r)arz,

7—0

NaA
x 2 h(t—t)
=1

A similar expression is obtained f&(r,t). For timest, for
which no photon arrives, Eq16) simplifies to

atL(r,t)zD&rzL(r,t)—IOL(r,t), with intensities and error bars evaluated in successive time
17) bins2® here of 0.5 ms width.
R(r,t)y=— DafR(r,t)HoR(r,t), Apparently, the choice db is critical. For small values,

the distance can change only slowly. Therefore, it does not
fully reflect the significant intensity fluctuations encoded in
) (r—r’)2 the recorded photon arrival times, and rather yields smooth
L(r,t)y=e 'ot-t )f dr’L(r’,t’)exL{ - m} trajectories with small amplitude. For very small valibs-
18) low 0.01x 10 *m?/s), the distance distribution becomes
(r—r")2 } time independent and approaches the distance given by the

with solutions that propagate in time according to

R(r,t)=e'0(t'_t)J dr’R(r’,t’)exr{ 4Dt —1) average intensitiegdata not shown IncreasingD entails
fluctuations of correspondingly increased frequencies. These

for t>t" andt<t’, respectively. To also include the photon fluctuations arise from both intensity fluctuations due to ac-

arrival timest; , note that tual distance variations anidndesirablg probability fluctua-
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FIG. 3. (a) Distance distribution for a reduced set of 58 photénedge$
and D=0.2x 10 **m?/s; notation as in Fig. 2(b) Recalculated distance
distribution (gray-shadedfor a hypothetical set of 230 photorieredges
that has been calculated from the original average trajectory in Fay. 2
also shown in bold herd) =0.2x 10" **m?/s. The dashed lines denote the

LA LBRARL A AR R ALL S A RIRAS LARRIAAULLL L AR 1o interval for the recalculated distance distribution.
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was obtained for the arrival timig of the excluded photon.
Using this distribution, the likelihoo® (D) for the actually
observed photok was determined for varyin®,

r [nm]
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FIG. 2. (a) Intensity-based calculation of donor/acceptor distan¢gsfrom
B s e i o S o e 1 1 chosen according o he type of the excluded pho-
distance probability distribution®(r,t|{t> ,tA}) (gray-shaded calculated ton. Assumm_g thaF for, different photonks:h.os_en to _be omit-
from the same set for three different diffusion coefficiebtalso shown are  t€d, the obtained likelihoodB, (D) are statistically indepen-
average distance trajectoriésold) and I intervals (dashedl The inset  dent, one obtains from the maximum of tleormalized
shows the(normalized likelihood P(D) as a function ofD; three arrows joint likelihoods P(D)«II,P,(D) (inset of Fig. 2 a diffu-
denote the three chosen values for sion coefficientD =0.2x 10~ *m?/s that describes the mea-
sured photon arrival times best. In the figure, no scale for
P(D) is given to avoid its erroneous interpretation as the
(absolute probability thatD is the correct diffusion constant.
tions due to the broadening &f(r,t) and R(r,t) between Clearly, the fewer photons are available, the less infor-
subsequent photons. As can be seen from B, the latter ~ mation onr (t) can be obtained. As an extreme case, Fig) 3
become relevant for B>1,02%, where o is the width of ~ shows the result of our analysis with only every fourth pho-
P(r,tl{tiD ,tiA}). The lower panel in Fig. 2 shows an example ton from the original data used. As expected, the distance
for which, due to the larg® chosen, the data are apparently distribution becomes broader, and only some of the features
overfitted. In between these two limiting cases, an optimaBeen in Fig. 2 remain. Yet, despite the very small number of
value forD is expected to provide the best description of thephotons used58), our analysis still reveals a statistically
data[Fig. 2(c)]. significant distance fluctuation at thelevel. This finding
That optimal value was determined by calculating thesuggests that a correspondingly improved time resolution can
agreement between the obtained time-dependent distanb€ achieved by our method.
distribution and the measured photon arrival times as a func- To check whether the width of the calculated distance
tion of the chosem. Such type of cross-validation underlies, distribution correctly describes the actual statistical uncer-
e.g., thefree Rvalue used to assess the accuracy of macrotainty, we have finally used the average trajectory calculated
molecular x-ray structurés.In a similar spirit, one photok  from the original datgthick line in Fig. Zc)] to create a new
was excluded from the FRET data, and a new distance dighypothetical set of 230 random photon arrival times obey-
tribution, ing Eq.(1). Thus, for these data, the underlying trajectory is
known. From that set, a new distance distribution was recal-
Pu(ro=Py(r,tl{t? i #k}) (21 culated and compared with the correct trajectdfig. 3(b)].
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